TECHNICAL APPENDIX — NOT FOR
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6 Additional results
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Figure 15: Benchmark impact of ARRA: Consumption, Investment, Tax
rates, and Real Wages.
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7 Categorizing stimulus spending
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Table 9: Categorizing the stimulus — Government Consumption

[tem Amount (bn USD) Share
Dept. of Defense 4.53 0.59
Employment and Training 4.31 0.56
Legislative Branch 0.03 0
National Coordinator for Health Informa- 1.98 0.26
tion Technology
National Institute of Health 9.74 1.26
Other Agriculture, Food, FDA 3.94 0.51
Other Commerce, Justice, Science 5.36 0.69
Other Dpt. of Education 2.12 0.28
Other Dpt. of Health and Human Services 9.81 1.27
Other Financial Services and gen. Govt 1.31 0.17
Other Interior and Environment 4.76 0.62
Special education 12.2 1.58
State and local law enforcement 2.77 0.36
State Fiscal Relief 90.04 11.68
State fiscal stabilization fund 53.6 6.95
State, foreign operations, and related pro- 0.6 0.08
grams
Other 2.55 0.33
Consumption 209.64 27.2
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Table 10: Categorizing the stimulus — Government Investment

Item Amount (bn USD) Share
Broadband Technology opportunities pro- 4.7 0.61
gram
Clean Water and Drinking Water State 5.79 0.75
Revolving Fund
Corps of Engineers 4.6 0.6
Distance Learning, Telemedicine, and 1.93 0.25
Broadband Program
Energy Efficiency and Renewable Energy 16.7 2.17
Federal Buildings Fund 5.4 0.7
Health Information Technology 17.56 2.28
Highway construction 27.5 3.57
Innovative Technology Loan Guarantee 6 0.78
NSF 2.99 0.39
Other Energy 22.38 2.9
Other transportation 20.56 2.67
Investment 136.09 17.66
Table 11: Categorizing the stimulus — Transfers
Item Amount (bn USD) Share
Assistance for the unemployed 0.88 0.11
Economic Recovery Programs, TANF, 18.04 2.34
Child support
Health Insurance Assistance 25.07 3.25
Health Insurance Assistance -0.39 -0.05
Low Income Housing Program 0.14 0.02
Military Construction and Veteran Affairs 4.25 0.55
Other housing assistance 9 1.17
Other Tax Provisions 4.81 0.62
Public housing capital fund 4 0.52
Refundable Tax Credits 68.96 8.95
Student financial assistance 16.56 2.15
Supplemental Nutrition Assistance Pro- 19.99 2.59
gram
Tax Provisions 214.56 27.84
Unemployment Compensation 39.23 5.09
Transfers and Tax cuts 425.09 55.15
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8 Backing out the unemployment rate

To back out the model implications for the unemployment rate, we regress
the time series for hours worked used for the model estimation on the av-
erage quarterly unemployment rate. Table 12 shows the regression results.
Figure 20 displays the actual and fitted unemployment rate. Multiplying
hours worked on the OLS regression coefficient gives the implied change in

the unemployment rate.

Table 12: OLS regression estimates of unemployment rate on the model-
implied employment measure.

Constant ~ Employment (lab;) | R?
Unemployment Rate (UR;) 5.60 -0.46 0.77
(5.51, 5.69) (-0.49, -0.43)
Sample period: 1948:1 — 2008:4. Unemployment rate is the arithmetic mean

over the quarter. 95 percent confidence intervals in parentheses. Labor

input in the model is measured as lab, = log 2v& hours,xBmployment, _ )0y

Population,
95 percent OLS confidence intervals in parentheses.
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Figure 20: Regression of quarterly unemployment rate on the model-implied
employment measure: Actual vs. predicted unemployment rate.
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9 Model Appendix

Apart from the model extensions due to the introduction of government
capital, rule of thumb consumers, and distortionary taxation, the following
model appendix follows mostly the appendix of Smets and Wouters (2007),

with minor changes to unify the notation.

9.1 Production

Final goods are produced in a competitive final goods sector which uses dif-
ferentiated intermediate inputs, supplied by monopolistic intermediate pro-

ducers.

9.1.1 Final goods producers

The representative final goods producer maximizes profits by choosing in-
termediate inputs Y;(i),4 € [0, 1], subject to a production technology which

generalizes a CES production function: Objective:

' b ()
mman—/zymmmisnu/G<Y;qﬂﬁ:L (9.1)
0 0 t

Y, Y ()

G(-) is the 7 aggregator, which generalizes CES demand by allowing the elas-

ticity of demand to increase with relative prices: G' >0, G” <0, G(1;6") =

1. 62\ 7 is a shock to the production technology which changes the elasticity
of substitution.
Denote the Lagrange multiplier on the constraint by E{ . If a positive

solution to equation (9.1) exists it satisfies the following conditions

1 . .
v P=c/- G(nmzm)ﬁmﬁ,

. . | Y, (1) _
YOl PO == (—§ ). ) |
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From these two equations, we obtain an expression for the aggregate price

index and intermediate inputs. The price index is given by:

P / YD) i 9.2)

Solving for intermediate input demands:

e () 5

—t

For future reference, note that the relative demand curves y;(i) =

Py (7)
Py

the relative quantity increases. For simplicity, the dependence of the G(-)

downward-sloping in the relative price with an decreasing elastlclty as

aggregator on the shock Ef‘ P is suppressed:

o B(i) dyi(i) Al
O oy ey e Teor (54)
o B) (i) G"(y:(0))
np(yt(l)) - np(Yt(Z Pt(Z =1+ Tlp + U e ryarrey G//( (Z)) ( )
- () (2 + Gy, - 1)
2 ”/ Z))
= 1) (T 1=t - 1)
_ 1+)\p (v¢(i)) 1 B
= ) ([me A, ((0) 1)’ (6:5)
where the last line defines the mark-up A (y,(i)) = W and A,(y:(i)) =

A7 (ve (@)
24+ Cciv// ((;’t((;)))) yt (Z)
in the own price elasticity of demand along the balanced growth path. To

The model will be parameterized in terms of é(1), the change

that end, it is convenient to solve for A, in terms of the mark-up and the é€:

1
S TCTADESS 09)

Finally, note that in the Dixit-Stiglitz case G(y) = yﬁ so that the elasticity
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of demand is constant at 7,(y) = 5= + 1Vy and consequently 7, = 0.

9.1.2 Intermediate goods producers

There is a unit mass of intermediate producers, indexed by i € [0,1]. Each
producer is the monopolistic supplier of good i. They rent capital services
Ky /7" and hire labor n; to maximize profits intertemporally, taking as given
rental rates RF and wages W;. Given a Calvo-style pricing friction, their
profit-maximization problem is dynamic.

Production is subject to a fixed cost and the gross product is produced
using a Cobb-Douglas technology at the firm level. Government capital K}
increases total factor productivity in each firm, but is subject to a congestion
effect as overall production increases, similar to the congestion effects in the
AK model in ?. Firms fail to internalize the effect of their decisions on public

sector productivity. Net output is therefore given by:

K? =
Y,(i) = ¢ ( T ) K@) (e (D] = g, (9.7)
Jo Yi(i)dj + opt

where ®u' represent fixed costs which grow at the rate of labor augmenting
technical progress and K;(i)// denotes the capital services rented by firm i.
€; denotes a stationary TEFP process.

To see the implications of the congestion costs, consider the symmetric
case that V(i) = Y, K/ (1) = K7V, which is the case along the symmetric
balanced growth path and in the flexible economy. We then obtain the

following aggregate production function:
a e a(l_C) —a — a . [~a\1—
Yi=¢ Kiq—chtff [Ntnt](l =) — yte, e = (@) (9.8)

Choose units such that €* = 1.
To solve a firm’s profit maximization problem, note that it is equivalent to

minimizing costs (conditional on operating) and then choosing the quantity
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optimally. Consider the cost-minimization problem first:

min  Win,(i) + RFK, (i) s.t. (9.7).
Ke(i),me(3)
Denote the Lagrange multiplier on the production function by MC} — pro-
ducing a marginal unit more raises costs marginally by MC;. The static

FOC are necessary and sufficient, given Y;(4):

] M1 - ) D
. L V() +pte L
(K (1)] MC’t(z)aT@) = RF.

The FOC can be used to solve for the optimal capital-labor ratio in produc-

tion and marginal costs:

kt(l) o Wy
= 9.9
n(i) 1—ark’ (9.9)
Wl—a Rk a,,—(1-a)t
MG, = a-a(1 — q)-0-o Ve ()0 , (9.10)
Kf—l 1< a
<Yt+th>> €t
l—a/ k\a
me, = a~ (1 — a)~ - — (72 ,
ka—l 1-¢ 4
(yt—l-‘i’ €t
l—a/ k\a
me; = a~%(1 — o)~ (72 : (9.11)
ka—l 1-¢ 4
(yrl—@) €t
where lower case letters denote detrended, real variables as applicable:
_ _ W, RF MC,
ke = Kip tayt = Yiu t>7~Ut = Mt—]tgtarf = Fz’mct = Ptt'
For future reference, it is useful to detrend the FOC:
) + @
wy = mey (i) (1 — a)w (9.12a)

ne(i)
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v (i) + <I>.

¥ = mey (i) ()

(9.12Db)
Given the solution to the static cost-minimization problem, the firm max-
imizes the present discounted value of its profits by choosing quantities op-
timally, taking as given its demand function (9.3), the marginal costs of
production (9.10), and respecting the Calvo-style price setting friction. The
Calvo-friction implies that a firm can re-set its price in each period with
probability 1 — ¢, and otherwise indexes its price to an average of current
and past inflation [];_, 7%, 7' ~**. In each period ¢ that the firm can change

its prices it chooses:

P/ (i) = argmax E, Z C;ﬁ Sralt [Pt( )(H Wzil 17?1 Lp) — MCyys(i) | Yigs(2),

B(i) =2 &P ey

subject to (9.3) and (9.10). 5”8 denotes the (non-credit constralned) repre-

sentative household’s stochastlc discount factor and m, =

t inflation.
To solve the problem, it is useful to define x; ;s such that in the absence

of further price adjustments prices evolve as Py (i) = ¢4 (7):

1 s =0,
Xtt+s =
—L P
[[_im 7 s=1,...,00

Therefore and using the definition v, (i) = Y0

)/t+s :
A(Yis (i) [Prges (1) — MCyps(3)]) : ( . M Ct+s(i))
~ = s Y, s s 11— s +M— |-
dB,(i) YVirs (1) Yers | Xetrs[L — p(Vers(8)] +1p I0)
The first order condition is then given by:
s P < M Ct+s(i))
E s Y, s 11— s sThp—m | = 0
tZCp D s —5 Vs (1) Yers | [1 = mp (Vs ()Xt 445 + 1 i20)
(9.13)
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For future reference, it is useful to re-write the FOC as follows:

| (e s(0) -
Pri) _ B X Zo(HAG) st s (D sty et (1) (9.14)

P Zs o(UﬁCp) yffiss(z))& Hj(tlt;:s Yti45(1)

Xt t+s Yits

where y;, 1+s(i) = G 1(?) Y;t—l-s( ) =i t+s( )Yits.

Noting that measure 1 — ¢, of firms changes prices in each period and
each firm faces a symmetric problem, the expression for the aggregate price
index (9.2) can be expressed recursively as a weighted average of adjusted

and indexed prices:

Py,

= (1_Cp)P*G/ 1( )_I_CP T 17? LpB_lG/_l( - =f

‘—‘t

using that price distribution of non-adjusting firms at ¢ is the same as that of
all firms at time ¢ — 1, adjusted for the shrinking mass due price adjustments.
Along the deterministic balanced growth path the optimal price equals the

average price, which is normalized to unity:

P*=P=1.

Similarly, along the deterministic growth path the price is a constant mark-up
over marginal cost:

= = (14N mc=1 (9.16)

mp —1

"UI‘ B

Finally, the assumption of monopolistic competition in the presence of
free entry requires zero profits along the balanced growth path. Real and
detrended profits of intermediate producer ¢ are given by:

Bi(i)

P, "o (3) — wyng (i) — ik (i) = P(1)

By

I (i) = ye(i) — meq(i)[ye (i) + p' @]

Integrating over all ¢ € [0, 1] and using the definition of the price index (9.2)
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yields:

1 1
I =y — w, / ny(i)di — ¥ / (i) di (9.17a)
0 0

b " Pi)
=y — mey (/ v ()di + <I>) =y — mey (yt/ 2 di + <I>) (9.17b)
0 0 }

Using the expression for the steady state markup, equation (9.16), the zero

profit condition (9.17b) implies that along the symmetric balanced growth
path:

— 1 P@) g; _
_ gy A+ gD I
O:Hp: — 0P7 = — = :>—:>\ 918
Y 14X, 4 1+, y 7 (9.18)

9.1.3 Labor packers

Intermediate producers use a bundel of differentiated labor inputs, ¢ € [0, 1],
purchased from labor packers. Labor packers aggregagte, or pack, differenti-
ated labor which they purchase from unions. They are perfectly competitive
and face an analogous problem to final goods producers:

nt(ﬁ);@,w) =1, (9.19)
Uz

1 1
max tht —/ Wt(ﬁ)nt(ﬁ)dﬁ S.t. / H(
0 0

ng,ne(0)

where H(:) has the same properties as G(-): H' > 0, H" <0, H(1) = 1.
The FOC yield differentiated labor demand, analogous to intermediate
goods demand (9.3):

1
ny(0) = ny ' <Wt£i)nt> o H <Wt(f) / 2 <nt(l) : gtA,w) nt_(l)dl).
= Wi Jo Ty Ty
(9.20)
Given the aggregate nominal wage W, = ! n;—(f)wt(f)df, labor packers are

0
willing to supply any amount of packed labor n,. Labor demand elasticity

behaves analogously to the intermediate goods elasticity:

=

(£) dny(£) _ H'((0)
ny(€) dWy(€) ldn,=d=i=0 n, (0)H" (ny(¢))

(0 (€)) = — (9.21)
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A WO dp((0) 14 3w, (0) | )

(D) = @) a0 T e o) ([Hw(mw»mwmt(é» 1)’
(9.22)

where n,(¢) = # and the mark-up is defined as A}'(n,(¢)) = m

Au(ni(0)) = g
t 5 f{//((nt((f))))n 0

can be equivalently expressed as:

1
Auln) = o (9.23)

9.2 Households

There is a measure one of households in the economy, indexed by j € [0, 1],
endowed with a unit of labor each. Households are distributed uniformly over
the real line, i.e. the measure of households is the Lebesgue measure A. We
distinguish two types of households — intertemporally optimizing households
€ [0,1 — ¢] and “rule-of-thumb” households j € (1 — ¢, 1], so that they
have measures A([0,1 — ¢]) = 1 — ¢ and A([0, ¢]) = ¢, respectively.
Households’ preferences over consumption and hours worked streams {Cyi5(7), neys(7) 1320

are represented by the life-time utility function U;:

oc—1
1+v

U, = Etzﬁs{ (Cornli) = hCraamr) ™0 | T i

(9.24)
Here h € [0,1) captures external habit formation, o denotes the inverse of
the intertemporal elasticity of substitution, and v equals the inverse of the
labor supply elasticity. Households discount the future by g € (0, 1), where
[ varies by household type.

The fraction 1 — ¢ of the labor force who are not credit constrained,
maximizes their life-time utility subject to a lifetime budget constraint and
a capital accumulation technology. The remainder of the labor force, i.e. a
fraction ¢ is credit constrained (or “rule-of-thumb”): they cannot save or

borrow.
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9.2.1 Intertemporally optimizing households

The intertemporally optimizing households choose consumption {Ciis(j)},
investment in physical capital {X; s(j)}, physical capital {K7,,(j)}, a ca-
pacity utilization rate {u;;(j)}, nominal government bond holdings B}, ;(j),
and labor supply {n:,s(j)} to maximize (9.24) subject to a sequence of bud-
get constraints (9.25), the law of motion for physical capital (9.26), and a
no-Ponzi constraint. Households take prices { P, s}, nominal returns on gov-
ernment bonds {7, R;;s}, the nominal rental rate of capital {R}, }, and
nominal wages {W,, s} as given.

The budget constraint for period ¢ 4 s is given by:

c : . By s(])
(1475 ) Cris () + Xers(J) + gi)—l—vi <
Rt-i—sPH-S
Bn . Wh . . + >\w n SWh
St—‘,—s + 1&—1—37—1(]) + (1 - TZ_S)[ st (j) sttsThiA t—l—s] +
Pt""s Pt+s
Rk sut+s(j) . ) u HP s:ut+8
+ l(l - Ttlfl—s) (H—Pi —a(uys(7)) ) + 57}]3_3 [(1_Wf+s—1)Kf+s—1(])+Wf+s_1Kfisgfl]+%
t+s A

(9.2

where (¢, 7}, 4, 7/",) represent taxes on consumption expenditure, capital

income, and labor income, respectively. The wage received by households dif-
fers from the one charged to labor packers because of union profits — union
profits )\w,HansWt’_‘H are taken as given by households. Households also
receive nominal lump-sum transfers {S; s}. a(-) represents the strictly in-
creasing and strictly convex cost function of varying capacity utilization,
whose first derivative in the case of unit capacity utilization is normalized as
a'(1) = 78> At unit capacity utilization, there is no additional cost: a(1) = 0.
I}, ,1** are nominal profits which households also take as given.

There is a financial market frictions present in the budget constraint.
wy,, # 0 represents a wedge between between the returns on private and

government bonds and is a pure financial market friction — if wf,; > 0 then

57* represents the real steady state return on capital services.
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households obtain less than one dollar for each dollar of after tax capital
income they receive, representing agency costs. Agency costs are reimbursed
directly to unconstrained households, so that the friction has no effect on
aggregate resources. This financial market friction is similar to a shock in
Smets and Wouters (2003) who introduce it ad hoc in the investment Euler
equation and motivate it as a short-cut to model informational frictions which
disappear at the steady state.

Physical capital evolves according to the following law of motion:

‘ >)] Xenf), (9.26)

K2, () = (1= )R, 1) + i, [1 - (W

where new investment is subject to adjustment costs described by S () These
costs satisfy S(u) = S'(n) = 0,5” > 0. The relative price of investment
changes over time, as captured by the exogenous {qf, } process. Physical
capital depreciates at rate 9.

For future reference, note that the effective capital stock is given by the

product of capacity utilization and physical capital stock:

Ktef:g(]) = Kf+s—1(j)ut+s(j)‘ (9.27)

To obtain the aggregate capital stock, multiply the above quantity by (1—¢).

The solution to the household’s problem is characterized completely by
the law of motion for physical capital (9.26) and the following necessary
and sufficient first order conditions. To derive these conditions, denote the
Lagrange multipliers on the budget constraint (9.25) and the law of motion

(9.26) by 3(Z;,=F) — replacing the household index j by a superscript RA.

— c o—1 v —
(6] 21+ 77) = oxp (T () ) (64~ P

— n w} o—1 v v -0
] S0 =) = e (T () (A ICE ~ o
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[Bt] = :6Q§)RtEt( —r )

P/ P
(K7 = SE (1= 7f Ry — otk 1—46 Zin
¢ ut = | S |G ( 7}4.3) P+1Ut+1 a(ut+1)—|— Tt ( >~t+1
XRA XRA X RA —k X RA X RA 2
—k _x o / t —t+1 «x ! t+1 t+1
X = =Eiq (1 S(Sm) - S(xﬁ@)(xﬁq))”&( 5, t+1S(XtRA>(XtRA>)
[u] Rf—l—l _ /( RA)
t Pt t+1/°

By setting a/(1) = 7* we normalize steady state capacity utilization to unity:
u=1.

For what follows, it is useful to detrend these first order conditions and
the law of motion for capital. To that end, use lower case letters to denote

detrended and real variables as exemplified in the following definitions:

K W, W) R =
= R = gl = gt = 6 =3, Qi= A=

1 denotes the gross trend growth rate of the economy. For future refer-

ence, note that government expenditure is normalized differently: ¢, = &% .

Y pt
Substituting in for the normalized variables yields:
. o—1 5
01+ 70) e (T BN ) - A (029
oc—1
61 = 7yl = exp (T () (B = (/)4 (9200
2 Pgov £t+1
— g
ft = /GRt ]Et (Pt+1/Pt (929(3)
Qr = OE, (% [ij((l — 1) [t — alu)] + 5%]11) + (1 - 5)Qt+1])
(9.29d)
RA LRA RA
_ x _ xt lu / :u xt :u
=i (1-5(t’) 5 () o))
x T
+ BE, <§tgl Q11 f+15/< t;lf)( :;;1/‘”) ) (9.29¢)
t t
rie = d'(ufh). (9.20f)
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The detrended law of motion for physical capital is given by

1—4§ IL’RA

t—1

Combining the FOC for consumption and hours worked, gives the static

optimality condition for households:

1—7" .
Tl = (nf) el = (/e 9.31)

Combining (9.29a) for two consecutive periods and using (9.29¢) gives the

consumption Euler equation:

Er1) _ o — 1 /mBAN TN [eBA — (h/p)cBA1™0
E, (g) = E, <exp<1 ey <R§A> ) [Cfg_A — (h/u)ciﬁ} ) (9.32)

Equation (9.29d) is the investment Euler equation. The FOC for capital

(9.29¢) can be used to compute the shadow price of physical capital Q).
Using the investment Euler equation shows that along the deterministic
balanced growth path the value of capital equals unity (since S'(u) = S(u) =
0 and ¢* = 1). From the consumption Euler equation and g” = 1 we obtain
the interest rate paid on government bonds under balanced growth. Finally,
the pricing equation for capital and the investment Euler equation pin down

the rental rate on capital. Summarizing:

Q=1, (9.33a)
R=p""'x, (9.33b)
1

& = . (9.33¢)

The bond premium shock ¢ differs from a discount factor shock, although

it results in an observationally equivalent consumption Euler equation — if
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time preference was time-varying, the period utility function would become:

L(Ct+s(j) - h0t+s—1)1_0} ¢Xp {

oc—1
1+v

l1—0

nt+s(j)l+u] H Qi1
=1

so that the ratio % would be proportional to ¢?, so that the consumption
Euler equation conditions is unchanged. The effects differ, however, insofar
that the present formulation on basis of the government discount factor also
affects the investment Euler equation and the government budget constraint.

For measurement purposes, it is useful to re-write the linearized FOC
for capital, after substituting out for the discount factor. It shows that
the private bond shock represents the premium paid for private bonds over

government bonds holding the rental rate on capital fixed:

(L= TE () + (1= 0)Ee(Qrsn)
(1 —7F) 40Tk +1-9

- Qt = (Rt - Et[”t]) "‘@l&) + Qf

Note: the shock & in the budget constraint has been rescaled here. ¢F is the

deviation of the rescaled shock from its steady state value.

9.2.2 Credit-constrained or “rule of thumb” households

A fraction ¢ € (0,0.5) of the households is assumed to be credit-constrained.
As a justification, one may suppose that credit-constrained discount the fu-
ture substantially more steeply, and are thus uninterested in accumulating
government bonds or private capital, unless their returns are extraordinarily
high. Conversely, these households find it easy to default on any loans, and
are therefore not able to borrow. We hold the identity of credit-constrained
households and thereby their fraction of the total population constant.

“Rule of thumb” households face a static budget constraint in each period
and are assumed to supply the same amount of labor as intertemporally
optimizing households. Given

RoT (. __ ., RA __
nt+5 (]) - nt+5 - nt+87
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consumption follows from the budget constraint in each period:

h RoT
Wik sni'os (7) + A t+sVVt+snt+s
Pt+s

(1+th+s)ct}j-og( ) < St}—zi-osT (1_TtT-L|—s) +Ht+sru’

(9.34)

Rule-of-thumb households receive transfers, labor income including union
profits, and profits made by intermediate goods producing firms.
Removing the trend from the budget constraint (9.34), omitting the j
index, and solving for (detrended) consumption:
CffsT = ﬁ (Sﬁog (1— Ttn—i-s)[w?—i-snfl?g + )‘w,t+sw?+snt+8] + Hf—i—s) .
t+s
(9.35)
From the budget constraint (9.34), the following steady state relationship
holds: - o
ol — — . (9.36)

We assume that:
s =3, (9.37)

9.2.3 Households: labor supply, wage setting

Households supply homogeneous labor to unions which differentiate labor
into varieties indexed by ¢ € [0, 1] and sell it to labor packers. In doing so,
unions take aggregate quantities, i.e. households’ cost of supplying labor and
aggregate labor demand and wages, as given. Unions maximize the expected
present discounted value of net of tax wage income earned in excess of the
cost of supplying labor. In the presence of rule-of-thumb households unions
act as if they were maximizing surplus for the intertemporally optimizing
households only. If the mass of rule-of-thumb households is less than the
mass of intertemporally optimizing households, i.e. ¢ < 0.5 which is satis-
fied in the parameterizations used, a median-voter decision rule justifies this
assumption.

The labor unions problem is analogous to that of price-setting firms, with
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the marginal rate of substitution between consumption and leisure in the
representative household taking the role of marginal costs in firms’ problems.
From the FOC [(}] and [n;] the marginal rate of substitution is given by
UE"t—fs = (nBEAY[CEAY — hCE](1 + 7F). Whenever a union has the chance to

reset the wage it charges, it chooses W/ ():

/6 €t+s |: ”t-i—s(g) Un t+s
Wr(l) = argmax E g w 1—72, + —= Nyys(l),
t( ) th(Z) t SZO(C ) gt ( t+ ) Pt+5 :t+5 t+ ( )
(9.38)

subject to the labor demand equation (9.20). 1 — (, denotes the probability
that a union can reset its wage. If it cannot adjust, wages are adjusted
according to a moving average of past and steady state inflation and labor

productivity growth:

S

Wers(l) = W0 T ] #mgor) 77 = WO o

v=1

Using that n, = nf*4, the first order condition is given by

o /5§t+s Niys(0) n Wt*(g)xg,}t-iﬂ(g)
- Etzgpw (a1 (0) Wi (0 (“‘Tt*s) P,

—u+x%mﬁ®nu+ﬁ;m;mXﬁ—hQ%40

(9.39)

and can be equivalently expressed as

Wrt) B0 Gt (DL + A (o (O)) (L4 7, Ity [CFi4 — hOFA_]

[e%e) s 3s s n Xuf S(Z)
i E > 06 &Awﬁ(n?;sw)) Mt (01 = 774) é:/pt
(9.40)
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Aggregate wages evolve as

_ W* _ Lw *1—LwW—
Wy = (1=Cu) Wy H' 1(#)%@&1%—%%_1}1’ 1<7Tt‘17r —— mt),

—t —t

(9.41)

Along the deterministic balanced growth path, the detrended desired real
wage is given by a constant mark-up over the marginal rate of substitution.
Given constant inflation, the symmetric deterministic growth path also im-
plies, from equation (9.41), that the desired real wage equals the actual real

wage:

W= w" = (1+\,)0" = (1+ /\w)llJr—:Ln”cRA[l — h/ul, (9.42)
-7

where the second equality uses (9.31).

9.3 Government

The government sets nominal interest R; according to an interest rate rule,
purchases goods and services for government consumption Gy, pays transfers
S; to households, and provides public capital for the production of interme-
diate goods, K. Tt finances its expenditures by levying taxes on capital and
labor income, a tax on consumption expenditure, and one period nominal
bond issues. We consider a setup in which monetary policy is active in the

neighborhood of the balanced growth path.

9.3.1 Fiscal policy

In modelling the government sector, we take as given the tax structure along
the balanced growth path asin 7, who used NIPA data to compute the capital
and labor income and comsumption expenditure tax rates for the US. Off the
balanced growth path, we follow 7 in assuming that labor tax rates adjust
gradually to balance the budget in the long-run, whereas in the short-run

much of any additional government expenditure is tax financed.
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The government flow budget constraint is given by:

B, 4 By W, R¥
G+ X!+ S, + Jt% < g TG T + 7k Pi —alu,) — 6| KP .
(9.43)
Detrended, the government budget constraint is given by:
by . kY
ygt+17t‘|’5t+— Rgov+7t0t+7tntwt+7tk ' laug) + 8= ’
(9.44)

Government consumption g; = Gt

is given exogenously and is stochastic,
driven by genuine spending shocks as well as by technology shocks.

By introducing a wedge between the federal funds rate and government
bonds, we capture both short-term liquidity premia as well as changes in the
term structure of government debt. Since the latter is absent with only one
period bonds, in the estimation the bond premium may also reflect differences
in the borrowing cost due to a more complex maturity structure. 6

Labor tax rates have both a stochastic and a deterministic component.
They adjust deterministically to ensure long-run budget balance at a speed
governed by the parameter ¢, € @T’ 1], where ¢_ is some positive number
large enough to guarantee stability. To simplify notation denote the remain-

ing detrended deficit prior to new debt and changes in labor tax rates as
dt:

b P
dtEygt+xf+§+sfwo+t—l_7tcct—7 wng — kkaf+71k5—t L
2y L
In the baseline case, labor tax rates are adjusted according to the following
rule:

(Ttn — f")wtnt + GZ = wT(dt — CZ), (945)

SHistorical data by the Federal Reserve implies a maturity between 10 and 22 quarters
with an average between 16 and 20 quarters (The Federal Reserve Board Bulletin, 1999,
Figure 4).
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where €] is an exogenous shock to the tax rate.

In general:

(1] — T™)wyny Baseline, 7¢ = 7F = s¢nde = (),

_ T — T Alternative 1,7 = 7} = s¢"de =
’lZJT(dt—d)—Ez—: (t ) t t t
(7F — 78V ks(rk — §)  Alternative 2,7 = 77 = s = (),

[ —(s7"% = 5) Alternative 3,7 = 7 = 7F = 0.
(9.46)

Debt issues are then given by the budget constraint or equivalently as the
residual from (9.45): Rgov = (1 —,)(dy — d) + €.

Government investment is chosen optimally for a given tax structure.
Given the congestion effect of production on public infrastructure, a tax on
production would be optimal (Barro and Sala-i Martin, 1992). Similarly, we
neglect the potential cost of financing of productive government expenditure
via distortionary taxes. To motivate this assumption note that along the
balanced growth path, government capital can be completely debt-financed
or privatized and financed through government bond issues, whereas other
government expenditures such as transfers which are not backed by real assets
have to backed by the government’s power to levy taxes.

Formally, the government chooses investment and capital stock to max-
imize the present discounted value of output net of investment expenditure

along the balanced growth path:

X9 oo
{Kt+s7 t+sts=

max [, Z = HHS Yt+s - X7,
s=0

given K7 | and subject to the aggregate production function (9.8) and to the

capital accumulation equation

X0, + 72
XPooq Hagl ]

)] e+ e
(9.47)

The government is subject to similar adjustment costs as the private sector

Ko =(1-0)Kl i +aq7 [1 — S, <[
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Sg(p) = Si() = 0,5, > 0 and investment is subject to shocks to its rela-
tive efficiency ¢;}%. We assume that government capital depreciates at the
same rate as private physical capital. "9 represents exogenous shocks to
government investment spending — such as stimulus spending.

Denote the Lagrange multiplier on (9.47) at time ¢ + s as ﬁs%. Then
the first order conditions are:

=/ [, + X7 & + XY a7 + X7
Xg 1= :t T (1 _ S ~mt t o Sl L t t ~mt t
= St o ! ( (€% + Xiq—l]) 7 ( [, + th—1]> <[€tlgl + Xiq—l])

+ BE, (Etg+1 @S ([gtmfl + th+1]> <[€tmfl + X701 )2>
= O+ XN fa + X
= S Y, + D =
K7 Zt=pE, (SIS L g S
- i Kt—l i

[+

and detrending,

L1]| (1]

Defining the shadow price of government capital as Qf =

the first order conditions can be equivalently written as:

1= Qg (1 - sg(&ﬂu]) . S;([[ef’g ot <[[ezf’g Tl >>

€)% + !, & 1+l ] € + ]
4B, (@ St e g ([Effl + xtg+1]u) <[€?¢’1 + x§+1]u>2
g T [ 4 af] e + o]

(9.48a)

A Sev1 Y + P S
Qi = ﬁE( 3 ¢ R + 3 (1— 5)Q§’+1), (9.48b)

where €7 = iéf Y denotes the detrended investment spending shock.
Along the balanced growth path, Sy(u) = Sp(p) = 0,69 = 1,9 = 0
ensure that the shadow price of capital equals unity. Introduce r{ as a short-

hand for the implied rental rate on government capital:

Y + P
r{ =¢ : 9.49
bR (949)
In the steady state, from (9.48b):
7 =p3"1—(1-9) (9.50)
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Equation (9.48b) determines the optimal ratio of government capital to
gross output. Importantly, the law of motion for government capital (9.47)
and (9.48b) evaluated at the balanced growth path allow to back out the
share of government capital in the aggregate production function, for any
given government investment to net output ratio % From the law of motion

along the balanced growth path:

— 5\ - 79 _
:):g:(l—lTé)k:g & %z[,u—(l—c?)fmckguy

From the equation for r{ we have that % =( %7_% Combined with the

previous equation this allows to solve for the government capital share (:
oy Moz
g+P1—-(1—-0)y

¢ (9.51)

9.3.2 Monetary policy

The specification of the interest rate rule follows Smets and Wouters (2007).

The Federal Reserve sets interest rates according to the following rule:

FFR RFFR\ Pr P1 Y, Y27 1-pr Y. /Y, Y3
() )T v
T Y, Y /YL,

where pr determines the degree of interest rate smoothing and Y;f denotes

the level of output that would prevail in the economy in the absence of
nominal frictions and with constant markups, i.e. the flexible output level.
11 > 1 determines the reaction to inflation to deviations of inflation from its
long-run average and s, 13 > 0 determine the reaction to the deviation of
actual output from the flexible economy output and to the change in the gap
between actual and flexible output.

Due to financial market frictions, the return on government bonds differs

from the federal funds rate:

R = REFR(1 4 )
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The flexible economy is the limit point of the economy characterized above

Aw
= Et

with ¢, = ¢, = 0 and no markup shocks: e? P = 0. From the pricing

and wages setting rules this limiting solution implies:

7

S = A7)l ), (9.53)
Wtf Yl ]_—I—th v

P} D= ] @) el -l o)

where the superscript f denotes variables in the flexible economy. Given that
final goods are the numeraire and given that firms are symmetric and can

freely set their prices:
1=P/ =P/() =1+ N0)md (i) W, (9.55)

implying that marginal costs are constant for all firms.

Similarly, since all unions face a symmetric problem and can freely reset
wages we have that, using that the numeraire equals unity and diving be
trend growth:

wley wl L+7f o

=— =w; = nf1ef — an '
wooon ! [1+)‘w(1)]1_7f,f i la — (h/p)eiy] (9.56)

Money does not enter explicitly in the economy: the Federal Reserve

supplies the amount of money demanded at interest rate R;.

9.4 Exogenous processes

The exogenous processes are assumed to be log-normally distributed and,
with the exception of government spending shocks, to be independent. Gov-
ernment spending shocks are correlated with technology shocks. Shocks to

the two mark-up processes follow an ARMA(1,1) process, whereas the other
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shocks are AR(1) processes.

log ef = pylog €y + uj,
loge; = prloge;_; + uy,

log g, = log gf + @,

log g = (1 — py)log g + pylog gi" | + ogaui + uf,

ETO ~S

log s7*° = uj,

logef = p;loge] | +uy,
log E?’p = paplog €;\;”1 + u?’p — 9A7pu;\;pl,
log & = pawlog &7 + ™ = Oy,
log(1 +wy) = log gy = py log gy + g,
log(1 — wf) = log qtk = pi log qf_l + uf,

log g/ = p.logqy | + uy,

log ¢/ = paglog g% + u,

ut X N(0,02)
(9.57a)

ul " N(0,02)
(9.57b)
(9.57¢)

ud N0, 02)
(9.57d)
(9.57e)

ul CN(0,0?)
(9.57f)

u? N0, 02,)

(9.57g)

u™ B N(0,02,)

(9.57h)
iid
ug ~ N(0,03)
(9.57i)
iid
u ~ N(0,07)
(9.57j)
uf HN(0,07)
(9.57K)
uP? % N(0,02)

’ x7g

(9.571)

Three shocks are deterministic and used for policy counterfactuals only:

~Ss ~9 ~T.9
Uy, Uy, Uyp ™
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9.5 Equilibrium conditions
9.5.1 Aggregation

From the final goods producers’ problem (9.1) and using the zero profit con-
dition in the competitive market, net output in nominal and real terms is

given by

B0
P,

RY, = /0 P e Y= /0 Yi(i)di

Outside the flexible economy, relative prices differ from unity, so that output

is not simply the average production of intermediates. However, to a first

order price dispersion is irrelevant because y:(7) ~ v — 1,(1)y: (P}(f) - 1), SO
that the dispersion term averages out in the aggregate fol Y (1)di =~ y,.
In the presence of heterogeneous labor, the measurement of labor supply

faces similar issues because

P (6
ny = W
0 t

Uz (g)dgv

which, by analogy to the above argument for output, generally differs from

average hours. However, to a first order:

/ (0l 1, (9.58)

Non-credit constrained households are indexed by j € [0,1 — ¢| and there
is measure 1 — ¢ of these households in the economy. Each non-credit con-
straint household supplies K,(j) = KF4 units of capital services, so that
total holdings of capital capital and government bonds per intertemporally
optimizing household are given by ﬁ times the aggregate quantity. Simi-
larly, household investment is a multiple of aggregate investment. To see this,

note that aggregate quantities of bond holdings By, investment X;, physical
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capital K7, and capital services K; are computed as:

1-¢
K, = / Ki()A()) = Ki(1 — ) A(0, 1 - 6]) = K.

Aggregate consumption is given by:

1 1-¢ 1
Co= [ am) = [ cMa@)+ [ ClTAG) = (1-¢)C AroCl
0 0 1-¢
(9.59)
Given the consumption of rule-of-thumb agents (9.36), that of intertem-

porally optimizing agents is given by:

= _ 4=RoT
gRA = % (9.60)

Similarly, aggregate transfers are given by
S = (1= )5 + oSfr, (9.61)

where equation (9.37) implies that:

§ =gt 4 gt

Aggregate labor supply coincides with individual labor supply of either
type of household.

9.5.2 Market Clearing

Labor market clearing requires that labor demanded by intermediaries equals

labor supplied by labor packers:

L)
o Wi

1
/ ’n,t('l)d'l = Nt = Ny nt(f)df,
0

where n,(f) is measured in units of the differentiated labor supplies and n;

is measured in units which differs from those supplied by households.
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Adding the government and the budget constraints of the two types of
households, integrated over [0,1 — ¢] and (1 — ¢, 1], respectively, and sub-
stituting fol ne(H)WH(L + Aw)dj = Wing, which results from combining the
labor packers’ zero profit condition with the union problem into the house-

hold budget constraint, yields the following equation:

‘ Wiis
Crps + Xigs(J) + G+ X g = 1y Pt+
t+s
Ry U 107, e
+ | a(w) | KP
Prr (Uprs) | Kfigq Prr

Detrending and substituting in for real profits from (9.17a), using that w; fol ne(i)di =

Wit .

Cios + Tigs + YGrgs + g = Yegs — a(Upgs) k] 1, (9.62)

which is the goods market clearing condition: Production is used for govern-
ment and private consumption, government and private investment, as well

as variations in capacity utilization.

9.6 Linearized equilibrium conditions
9.6.1 Firms

Log-linearizing the production function around the symmetric balanced growth

path:
TS S U - .
yt:T &+ Cki i +all—Qki+(1—a)(1—ny ). (9.63)
The capital-labor ratio is approximated by (9.9):

ke = Ry + Wy — 7F, (9.64)

where symmetry around the balanced growth path was used.
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Marginal costs in (9.65) are approximated by

—~ ~ ~k 1 7.9 y ~ ~a ktg e ~a
mct:(l—a)wmtcwt—1fC th—Cg+q)yt+et 0 &,

and in the flexible economy from (9.55):
mel =0 (9.66)

To-log linearize the pricing FOC (9.14), note that to a first order the

Eeqsyt,tts(t)
Ap (Vs (D)€’

using equation (9.16). As a preliminary step notice that in the absence of

common terms in numerator and denominator, i.e. cancel out,

mark-up shocks:

e ()

— e Mp —1 dnp(Yt+s(i))|Yt+s(i)=l

yits(i)=1 1- Ty - Ty Mp
Py s(4) :1’

<. Pr(i
= —\p(1)d ( ];( ))
t+s Py s

( >8(t,t+s )_i_d(Pt*(i)).
Piis 1 Hl:lﬂ-t'i'l I

S8

(5

Notice that from (9.22):

PrG)

To simplify notation and to address mark-up shocks use é = 1 define
oo B
pt (Z) = tf)t )

D O ( Np(Yers(7)) )

€iis = ;
" 862‘4’2 1= np(yes(2))

o _ (1) (G;<1>_G;'<1>)
= T (P \ G~ Gr(1))

Now, taking a first-order approximation of (9.14) and using symmetry yields

0= B0 Y (1BG)" 1) + Y lipfesion = el | (L4 A (1) = [iese + &)
s=0 =1
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[e.9] S

1 1 . - /\ A R R 1
& ==, = E Y (uBG) [Mmers + 5] = Y [pTivim1 — R =
1—5Cp/~LApt ; P + t+ ;p Ap
e PG L
= mc, + € 1= /6MCpA [LpTrt g1
B [oe) B e . S . . 1
+ uOCGEE Z(Mﬁgp)s[mctﬁ-l-}—s + E?erus] - Z[LthH - t+1+l]AT
s=0 =1 p
A)\ B,U/g 1 ~ 0 Ak
=me, + 67 — - 5;(}: [tpte — ByTropa] + pBGED] -

Now, linearizing the evolution of the price index (9.15):

Cp A A A 1_<p

H — —_ _ Rt —
s [ — tpri—] ! 2

]5: + Lp’f('t_l.
Forwarding the equation once and substituting in and solving for 7; yields:

A lp A Cpﬂﬂ - Cp A)\p 6#
fry = ————T_ + A Ny — _FE.7 9.67
G 1+ & (e ) Lt o0p (5-67)

9.6.2 Households

The law of motion for capital (9.26) and the fact that individual capital

holdings are proportional to aggregate capital holdings implies:

k‘f = (1 - E) k’f_l + E(xt + Qt—l—s)' (968)

From (9.27), capital services evolve as:

ke = ay + kP, (9.69)

From the static optimality condition (9.31)

h . (h/N)ARA X dr{’ 4 dry

o = ) 9.70
Wy Vnt+ 1—h/,u 1 _7n 1+TC ( )

In the flexible economy, given the absence of mark-up shocks equation (9.56)
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implies:

~RA, ~RA, n, c,

“f  af G - (h/,u)ct_lf dr, ! dr, !

n — —. (9.71)
1—h/u 1—7  147¢

In the presence of rigidities, the dynamic wage setting equation (9.40) can

be linearized as in the derivation of (9.67), recognizing that the analogue to

marginal costs is given by (9.70):"

_ Wi +BNEtmt+1]
L+ 0p 1+

Wy

&y — (h/p)éia] + vy — Wy +

1+ Bty . o Bu e
— — 7 + —7_1 + ——E,|7 + —. 9.72
1+8p " 1+ Bu T 1+ B e 1+ Bu (5-72)

From the consumption Euler equation (9.32):

- . A A o ) 3 h
Eif6ia — &) = K ((U — D) [ — ] — m {Cfﬁ - (1 + ﬁ)cf“ + ;cﬁf‘lD

= mEt((a - 1) [ GRA / ][nt+1 - nt]

"Here, the analogy with marginal costs holds only to a first order. Noting that common
terms drop out the first order condition (9.39) and using (9.42) as well as A,, = [1 +
Awiw (1)) linearizes as follows:

- o) n * ~ % - ~ ~ N A N o~ ~ ~ A, w
0=E, (Z@wﬂﬁ)s/\_w <[wt + Z(Lwﬂt-kl—l - 7Tt+l)] (1+ M (1)) = A (1) D45 + w?—i—s + 5?45))
s=0 w =1
1 ok . .
x mflil[wt + twfte = Ee(fi41)]
00 s—1
+ K, <Z(<w#6)s ([Awl Z(bwﬁ'tﬂ - ﬁ't+l+1)] (14 Myw(1)) — [Ay" = Uidygs — wf+s — éi‘_ﬂ))
s=0 =1
1 Ak A A~ 2 * ~ S\ w — A
o mfﬁl[wt + vt = Bi(For1) = CoBE(wiy )] — bf — & — (1= A, iy

Log-linearizing the law of motion for aggregate wages (9.41) around the symmetric bal-
anced growth path yields:

.1
t_1_<w

w

[W¢ — CuWi—1 — ClawTi—1 + CuTe.

Substituting this equation into the above for 1}, @}, ; and re-arranging yields (9.72).
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R h
- o) )

(( 9 1-7" wn[n 7]
1—h/ 1+)\ 1+ 7echAH

)
~RA rA , 1 .Ra
U[ Ci1 — ( ) + ﬁ%ﬂ} ),

where the last equality uses (9.42). Solving for current consumption growth:

FRA _ 1 ~RA h/iw ga h/p -
G = T+ h/n eleal + T h/uCt—1 WE&[&H &)
o —1][wn/e] 1 1-—71"

O+ R/ 1+ A Lt (B¢ [fre41] — 7). (9.73)

The remaining households” FOC linearize as:

By — &) = =4 — By + Ey[fria], (9.74a)

. . 1
_ b
Qo= =6/ = (B = Bafmena]) + Pl —TF) +orF+1—0

X [(fk(l — )+ 07) gt — (7" = 8)drfy + (1 = TE)E () + (1 - OE(Qes1) |,

(9.74b)
1 - 1 R
P |, E, (1 - i 9.74
T 1+ o {Il't 1+ BpE(Tr41) + 125" (1) [Q: + /]| ( c)
- d(1) ok L=ty
U = a”(l)rt = Ty (9.74d)

For the credit constrained households, (9.35) implies the following linear

consumption process: consumption evolves as

Y

1 gltoT wn y dll
AROT A ny [, ~ n c
Cy 1 e <—CR0T St -+ —EROT [(1 — T )(wt -+ nt) — th ] — th EROT g

P

t
(9.75)
where the change in profits is given by:

dIT? T
— = — mey.
7 1+ !
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9.6.3 Government

The financing need evolves as:

; k
— Im‘cgét - Tk[/r’k’r’f + (Tf - 6)kf_l]ut] . (976)
Y Y

In the benchmark case of distortionary labor taxes, Labor tax rates evolve

according to (9.45), which is linearized as:

,WN C dr, ddy
——[ t}—i—?—@b—r —
cvy n Y
. om0 bb_y — 7 wn ¢
RS T B ——(wt+nt)
K Y Y ™ cy
o C. _krk k k_ §ViP E
l”cyct T [Py + (g )t—l]:ug . (9.77)

In general, tax rates, or endogenous transfers satisfy from (9.46):

n 07 (9.78)

ditn + Tcéﬂ + TkLk — ﬂl%d_#f _ 5 cendog dd;
y e gy ™y

St + é; =P, —
Tn Y Yy

| ol

c

Note how the bond shock is treated here! Might want to change it
for estimation etc. purposes. Check!!! Debt holdings are determined

from the budget constraint (9.44):

15 dd,  wn P
Eg[bt Rt_qt]:(l_wT)?t_T g — &

{dﬂ‘} B Tcéde L [7* — 6]150[_7;:”C N i
y e y o7
(9.79)

The linearized counterpart to the law of motion for government capital
(9.47) is given by:

- 9\ - 9., T
k9 = <1 — —g) ki |+ o0 9 4 E[xtg + &7, (9.80)
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a9
where u;"Y = “—.
€T

The marginal product of government capital (9.49) is approximated by

=Yg — 9.81
Ty g+c1)yt t—1 (9.81)

The shadow price of government capital (9.48b) has the following linear

approximation:

1

5 B ) + (1= 0)E(Q)], (9.82)

Qg = _(Rt‘l‘qg_Et[WtH])“‘

The Euler equation for government investment (9.48a) is approximated as:

1 A x ) A x 1 A AL x
{ = ——= |Ze1 ety + BuE([2), +wili]) + 5507 + &) —w?

&
1+ Bu 125y (1)

(9.83)
The monetary policy rule (9.52) is approximated by:

Ry = prRi1 + (1 — pr)[nfts + oG — 90)] + s DG — o) + & (9.84)

9.6.4 Exogenous processes

The shock processes (9.57) are linearized as

€ = pa€i_y +uy, (9.85a)
€& = pré_1 + ug, (9.85h)
g = gy + i, (9.85¢)
9t = Pgdi—1 + Ogauyi +uf, (9.85d)
St = Uy, (9.85¢)
€ = pré_q tug, (9.85f)
g?’p = P/\,pg?ﬂ + U?’p — 9A,pu2\Lp1, (9.85g)
& = Pt up = Oy, (9.85h)
Gt = podi—y + uj, (9.851)
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0f = prdyy +uf, (9.85))
@ = pali +ui, (9.85Kk)
G = Pagli™y +ug. (9.851)

9.6.5 Aggregation

Aggregate consumption (9.59) and transfers (9.61) are linearized as

&= (1—¢)—&™ + ¢Téf°7“, (9.86)
c
R gRA ARA §ROT ~RoT
$=(1- Cb)?st + Cb?st . (9.87)
9.6.6 Market Clearing
Goods market clearing;:
¢, @, a0, Tk
Yt = —C¢ + -2 + — X + agi + —Uy. (988>
Y Y Y Y

9.6.7 Solution

In addition to the exogenous processes in (9.85), the economy with frictions
is reduced to 21 variables, whereas the flexible economy is characterized by
19 variables only, given perfectly flexible prices and wages. Table 13 on the
following page lists the remaining variables and the corresponding equations.
For the flexible economy, all variables other than those with an “n/a” entry
have an / superscript. The markup shock processes affect only the economy
with frictions. Table 14 on page 83 lists the steady state relationships which

enter the linearized equations.
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Variable

Economy with frictions

Economy without frictions

(9.86)
(9.73)
(9.75)
(9.74a) in (9.74c)
(9.68)
(9.69)
(9.74d)
(9.74a) in (9.74b)
(9.64)
(9.74a) in (9.83)
(9.80)
(9.74a) in (
(9.81)
one variable according to (9.78) with (9.76)
other three variables = 0

9.82)

(9.86)
(9.73)

(9.75)
(9.74¢), (9.74a)
(9.68)

(9.69)
(9.74d)
(9.74b), (9.74a)
(9.64)

(9.83), (9.74a)
(9.80)

(9.82), (9.74a)
(9.81)

(9.78) with (9.76)
other three variables = 0
(9.79)
indirectly via (9.66)

Table 13: Unknowns and equations
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Constant Equation Expression
; (9.62) [y
chid = =RoT
< 9.60 c-ge
EgOT (9 36) §R0Tz_li_((11__¢;_)n)wﬁ
i (9.36) TS
K (9.30) o= (1-9)
k +&\1-C (o ¢ AN
v (98) ¥ 7 n
u normalization a7 ()
B definition Bt
i (9.33¢) Fri—ort (=)
- o
: o (1-5) "%
‘ (9.51) T T g
o (9.50) B~ —(1-19)
R (9.33h) 5%
Ap (9.18) o

- ¢

=& (1— ENT=00-a)

w (9.11) aT % (1-a) M%%
- (14Ay) T-00=a)  rkI-a
v [a(2)], [K4(0)],(9.16),(9.18) 17k
(99) et

Table 14: Steady state relationships



9.7 Measurement equations

For the estimation of the model, the following measurement equations are

appended to the model:

AY; = 100(; — 91—1) + 100(u — 1), (9.89a)
AC, = 100(¢, — ) +100(p — 1), (9.89b)
AX; = 100(& — 1) +100(p — 1), (9.89¢)
AX? =100(2f — &7 }) 4+ 100(u — 1), (9.89d)
A% — 100(iy — ) + 10001 — 1), (9.89)
70 = 1007, + 100(7 — 1), (9.89f)
R = 100R, + 100(R — 1), (9.89g)
4o = 100GF + ¢, (9.89h)
g" = 1007, + 0", (9.89i)
b7 = 100b, + b, (9-89j)

The constants give the inflation rate 7 along the balanced growth path and
the trend growth rates. 100(y — 1) represents the deterministic net trend
growth imposed on the data,. Note that apart from the trend growth rate
and the constant nominal interest rate, the discount factor can be backed
out of the constants: -
— T g
b= Eﬂ .

The constant terms in the measurement equation are necessary even if
the data is demeaned for the particular observation sample because the al-
location in the flexible economy cannot be attained in the economy with
frictions. Given a non-zero output gap, also other variables will deviate from
zero. To see why notice that for the allocations to be the same in both
the economy with frictions and the its frictionless counterpart required that
the Calvo constraints on price and wage setting were slack — otherwise the

equilibrium allocations would differ from that in the flexible economy. Slack
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Calvo constraints in turn required that aggregate prices and wages were con-
stant, which implied a constant real wage. Finally, a constant real wage

would be inconsistent with the allocation in the flexible economy.

9.8 Welfare implications

To evaluate welfare implications, we approximate the compensating variation
in terms of quarterly consumption of each type of agent separately as well as
the population weighted average.

Independent of whether a household is constrained or not, equation (9.24)
gives the preferences of the household. Using the log-linearized model solu-
tion around the deterministic balanced growth path, the lifetime utility of

any time-path of consumption and hours worked can be computed as:

Ur({Crts, s }) Zﬂs {

1 o\t+s . h . l—o
) (C exp|Cis] — ;Eexp[ct+s—1]) ]

o—1
1+v

X exp [ (nexpli )

oyt N g 1mos | © 7 . h . 1-0
= () I (] eple )

,r—ll-i-l/ R 1—o
X exp |— y exp|(1 + 1))
—o El_o - —0os ¢ h ¢ /ﬁ'l-H/ ~ o
= (1! )t: Z[ﬁ'ul ] [(e s _ e t+371> exp[— - exp|(1 + I/)TLH_SH} :
5=0

Now we can compute the compensating variation between to paths of con-

sumption and leisure, with and without the fiscal stimulus as:

Sl 7] (T — e ) exp | 8 (expl(1 + 1)l — D ]

Zzo[/@ul—o]s<eéi"f5 — %eéi”fsfl) exp[ it (exp[(l L vyee] - 1)}) —
(9.90)

An individual with discount factor § would be willing to give up a fraction

I =

I' of consumption in each period to live in an otherwise identical work with

85



the fiscal stimulus in place.
For large s the deviations from the balanced growth path are numerically

l—0o

indistinguishable from zero. However, since (u is in practice close to

unity, even for s = 1,000, the infinite sum has not converged. We therefore

approximate:

o ) . h . 7__L1+V 1—0o
et — —ect“*l) ex [— exp|(1+ v)ng, — 1 }

> | (¢ b [~ (expl(1 + ] = 1)

—1+v

R~ i[ﬂul—“]s [(ems _ %eét+sl) exp [— er ” (exp[(1 + v)fugs) — 1)H 1-o

6 1—0]1T+1 L
+ %(1 —h/p)' 7,

for some large T'. In practice, we use T = 1000 but checked the results for

T = 5,000.

To obtain n't”

, multiply equation (9.42) by n and divide by y. This

shows that n't" = % q +1/—\w) S /gﬁ 1;;”, which is in terms of the constants
in table 14. '
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