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10 Appendix 1: Proof of Propositions 2 and 3

Since Proposition 3 is a generalization of Proposition 2, it suffices to just prove Proposition 3. We

begin with a statement of the problem faced by the period ¢ residents.

10.1 Statement of the problem

The period ¢ residents’ problem is

S (8 () [Pt 25 4+ [ B (252 - )

st (1+ p)by + ¢ (% - g.,.) = by + Hon T,

{gT+1vbT+17r,1{1?’1§7+17P7'}20:t gre1 20 & Hrpy 2 Hr
Pr= (1= Hep)0+ B (535052) — T + 8Py —u 36)

P.<C (=if Hr4y > H,)

The first constraint is the budget constraint. The second and third constraints are the feasibility
constraints. The non-negativity constraint on g¢,41 will henceforth be ignored, as it will not be
binding. The fourth and fifth constraints are the market equilibrium constraints. The residents also
need to respect the transversality condition that lim._,, 876, = 0, to prevent them operating a
Ponzi scheme. Finally, the residents face initial conditions (g, by, Hy). We assume that H; € [Hy, 1]

and that W; € [Wy, W(1)], where (Wy, Hy) satisfy Assumptions 1-3.

10.2 Solving the problem

Problem (36) involves too many constraints to tackle head on by forming a Lagrangian. Rather,
we must approach it through a process of simplification. Our first result concerns the objective

function.

Fact A.1.1. Suppose that the sequence of policies {gri1,br4+1,Tr, Hri1, Pr}S2, satisfies in each

period T the market equilibrium condition

gr+1/(1—9)

P,=(1-H;,)0+B ~
0~ el 8 (S5

) T4 BPrp —u (37)
and the price constraint Py < C. Then, the period t residents’ objective function satisfies

S uB) " (=) [P+ 225] 4+ [B (52 - ]}

=P+ l@Zit (ﬂﬁ)Tﬁt (Hry1—1) + %

(38)



Proof of Fact A.1.1. From the market equilibrium condition, we have that

B(%) _T"’:PT+(HT+1_1)§_6PT+1+H'

Thus, for any period 7 > t, we have that

oo {o-n s 23] oo (S5050) -2}

z=t
= S - [P | P (- 08 5P |
z=t
Expanding the right hand side, we have that
(:u'ﬂ)z_t (1 _N’) P, + % +p [Pz + (Herl - 1)y_ﬂpz+1 +H]
1-p
z=t

= (1—-p) [Pt‘i‘%] + 1 [P+ (Hepr — 1)0 — BPig1 + u]

+N5{(1—M) [Pt+1+ ]+M Prii+ (Hyyo —1)0 — ﬂPt+2+u]}

uﬁ
#0070 [Pzt 23] [Pt (s = 100 - 0P +2] |

oA (uB)™ {(1 — ) [PT + ﬁ] + 1 [Pr+ (Hrg1 —1)0 — BPry1 + u) } .

Note that the P17 term in the first line cancels with that in the second line. Similarly, the P; o
term in the second line cancels with the P, o term in the third line, etc, etc. Thus, we have

i (uB)*"" {(1 — 1) |:Pz + %} + [P+ (Hoyr — 1)0 — BPiy +g]}

z=t

= P+ (uB)" {(1 —u)l%

z=t

[(Hzq1 — 1)5+E]} — (uB) T P
Given that P, < C for all 7, we have that lim,_ o (,uﬂ)ﬂ'l_t P11 =0. Thus,

2 (uB)"" {(1 i [PT + %] 41 [Pr o+ (Hrga = 1)f = fPrs +u]}

u

1-3

= Pt pb) (uf) " (Hryr — 1)+

T=t

This result reveals that housing prices have a direct impact on the objective function only in
the initial period and that, all else equal, the residents prefer to have future housing stocks as high
as possible.

Our second result concerns the inter-temporal implications of the sequence of budget con-

straints.



Fact A.1.2. Suppose that the sequence of policies {gr+1,br+1,Tr, Hr11}22, satisfies in each period

T the budget constraint

(L+p)br +c <1gT_+15 - gT) =brp1 + Hr i T (39)

and that im, oo 7gr = lim,_,o0 870, = 0. Then, {gr+1, Tr, Hr4+1}52, satisfies the intertemporal

budget constraint
> g
> st {c <—1T_+g - Bgr+1> - Hr+1TT} =W (40)
T=t

Proof of Fact A.1.2. Suppose that the sequence of policies {gry1,bri1, Tr, Hr41}52, satisfies in

each period 7 the budget constraint (39). From the period ¢ budget constraint, we have that

Cftjl(s - bt+1 - Ht+1Tt = Wt,

and from the period ¢ + 1 budget constraint, we have that

biy1 =1 (bt+2 + Hepolipr — <% - gt+1)> ~

Substituting the latter into the former yields

¢ (iqt—H(S B ﬁgtﬂ) + 6Ciqt:ri5 = Bbiy2 — Hipa Ty — BHq2Tiqr = Wy

Similarly, the period ¢ + 2 budget constraint tells us that

biyo = (bt+3 + Hii3Ti40 — C <iqtj35 - gt+2)> ~

Substituting this into the period ¢t budget constraint yields

c (ft—jlé - 59t+1) +5 (Clgtjis - Bgt+2> +B2Ciqt—j:}_B2bt+3_Ht+1Tt_ﬁHt+2Tt+1_BQHt+3Tt+2 = W;.

Iterating this logic, we find that for all periods 7 >t

Y 5 {C <% - Bgz+1> - Hz+1Tz] + 87 (Cgra1 = bry1) = Wy
z=t

Since lim; o 87" (¢gr41 — br41) = 0, this implies that

Z/BT?t |:C <% - Bgr-l-l) - HT+1TT:| = Wy,

T=t
which is (40). |
The assumed properties of the public good benefit function B imply that the public good level

will be bounded above and hence that lim, .., 57g, = 0. Moreover, the transversality condition



requires that lim, ., 87b; = 0. Thus, Fact A.1.2 suggests replacing the sequence of budget
constraints (39) in the period ¢ residents’ problem with the single intertemporal budget constraint
(40). Indeed, this is a standard procedure in models of optimal policy in which decision-makers
face a sequence of budget constraints and have access to bonds. However, in our problem, we also
have the market equilibrium constraints to worry about and these depend on the time path of taxes
and hence local government debt. Specifically, while constraint (40) is independent of the time
path of debt and just depends on the present value of taxes, the market equilibrium conditions
(37) do depend on the time path of taxes. Thus, we need to verify that replacing the sequence of
budget constraints with the single intertemporal budget constraint would not create problems in

satisfying the market equilibrium conditions (37). This is confirmed by our next result.

Fact A.1.3. Suppose that the sequence of policies {gry1, br+1, Try Hr 11, Pr 122, satisfies in each pe-
riod T the market equilibrium condition (37) and the budget constraint (39) and thatlim, . 7 g, =

lim, o0 57b; = 0. Then, {gr41,br41, Hry1, Pr 152, satisfies the constraints that

ZBT_t |:C <97+1 ﬁgT+1) B HT+1 <(1 N H‘I’+1)§+ B <M) —_ P’r + 6P'r+1 _E>:| = Wta

e 1-6 (Hyi1)"
(41)
and that, for all periods T > t,
— 14+p)br +c (& — g, ) —bria
o o (gran/ =)\ [ = +
Pr=(1-H;1)0+B|—/————5— | — Pry1 —u.
( +1) - < (HT-i-l)a H‘r+1 +ﬂ i 4
(42)

Conversely, if {gr+1,br41, Hri1, Pr}22, satisfies the constraints (41) and, for all 7 > t, (42),
then there exists {T}22, such that {gri1,br41, Tr, Hr41, Pr}32, satisfies for all T the market
equilibrium condition (37) and the budget constraint (39).

Proof of Fact A.1.3. Let {g,;+1,br+1,Tr, Hr 41, P-}22, be a sequence of policies satisfying in each
period 7 the market equilibrium condition (37), the budget constraint (39) and the requirement

that lim, . 67¢g; = lim, .o 87b; = 0. Then we know from Fact A.1.2 that
> gt {C (fT—j; - 5gr+1> - Hr+1Tr} =W (43)
T=t

Using (37) to solve for T, and substituting this into (43) yields (41). That (42) holds follows
immediately from (37) after solving (39) for T and substituting in for 7.

For the converse, let {g;41,br41, Hry1, Pr}52, satisfy the constraints (41) and, for all 7 > ¢,



(42). For all 7, let

g'r+1/(1 —0)

T,=(1—-H,1)0+B =
(1= Hrn) ((HTH)

) — P, + BPry1 —u. (44)

Simply rearranging this equation reveals that {g,y1,br41,Tr, Hr41, Pr 132, satisfies (37) for all 7.
Solving (44) for P, and using (42) reveals that, for all periods 7,

(1 + p)b‘r +c (% - g‘r) - b‘r+1

0="T, -
HT+1

Rearranging this equation yields (39). |

Note that equation (41) is obtained from the intertemporal budget constraint by substituting
in the expression for the tax rate implied by the market equilibrium condition. Equation (42) is
obtained from the market equilibrium condition by substituting in the expression for the tax rate
that is implied by the budget constraint. Thus, both equations reflect both the market equilibrium
conditions and the budget constraint. Fact A.1.3 tells us that we can replace the per-period budget
constraint and the market equilibrium condition with equations (41) and (42). It also allows us to
eliminate T} from the set of choice variables. Thus, we can recast the initial residents’ problem as

follows:

P4y, (uB) " (Hesr — 1) + 125

max
{gr+1:0r41,Hrp1,Pr 352,

s.t. Hyyy > Hy, (41), (42), P, < C (=if Hyoq > Hy) )
45

Our next result shows that there is no loss of generality in requiring the period t residents
choose policies so that the price of housing is equal to C' in all periods except period ¢.
Fact A.1.4. Let {g:y1,br41, Hr41, Pr}S2, be a sequence of policies satisfying the constraints (41)
and, for all 7, (42). Then, there exists {ET,]BT}?;t such that P, = C forallt > t+1, P =P,
and Zt = by, with the property that {gT+1,ZT+1, H. oy, ]BT}ﬁozt satisfies the constraints (41) and, for
all 7, (42).
Proof of Fact A.1.4. Let {gr4+1,br11, Hry1, P-}22, be a sequence of policies satisfying the
constraints (41) and, for all 7, (42). Let {P.}2°, be such that P, = C for all 7 > ¢+ 1 and

P, = P;. Then we claim that {gTH,HT_H,ﬁT}i’;t satisfies the intertemporal budget constraint



(41). To prove this, it suffices to show that

iﬁ?t { (-‘“*1 5gr+1) —H; 1 ((1 —H:11)0+ B (7%(“/(1) 6)> Pr+ Py — U)} =

T=t

[c (g” ﬂgt+1) —Hip ((1 —~Hi1)0+ B (%) 5 —s—ﬁC—y)} +

i prt [C (QT+1 5%4—1) —Hr ((1 ~H.1)0+B (M(l)aé)) -C(1-p) *E)} -

T=t+1

For this, we need to show that

> B 'Hpyy (Pr—BPriy) = Hipa (P = BC) + Y BT "H-nC (1 ).

T=t T=t+1
We have
oo
> BT 'Hyiy (Pr = BPria) = Hypr (P — BPis1)+B8Hero (Pipy — BPiya)+5*Hiys (Prya — BPiys)+
T=t

Let z >t + 1 be the first time period in which P, < C. Then, H, = H,;1. Thus,
Bz_l_tHz (C - sz) + ﬂz_tHerl (Pz - BPerl)

Bz_l_tHz [C - ﬁPz + 6 (Pz - BPerl)]

= B'H. (C— BC) + 7 Hoya (C = BPaya).

Continuing this argument yields the result.

Now define the sequence of bond levels {ETH}T:t inductively as follows:

- — 1-9¢
b1 =c el Wy — Hiyq ((1 —Hi1)0+ B (M) - P, +8C —y)
1-96 (Heg1)

and

'57_(1+p)571+c<19_75 ng> ~H, ((1HT)§+B<M) C(lﬁ)g).

Then we have that

— (14 p)b +c (42— gi) — braa
a/0) (5 o) b)) o

P,=(1—Hy1)0+ B -
b= 1) ( (Hiy1) Hia

and, forall 7 > ¢+ 1

C (- H. )+ B <gf+1/(1—aa)) B ((1+p)b7+c(%—’% ~9) —bT+1) o

(Hr41) Hra



Fact A.1.4 allows us to write the intertemporal budget constraint (41) as

c (ﬁtfg - /Bgt-i-l) — Hi ((1 —Hy11)0+ B (%) - P+ pBC — u) +

5 [ (858 - 301s) e (0 7+ (23572) ~ 0= -5) -
T=t+1 o

The market equilibrium constraints can be written as

_ bt + ¢ —gt) — b1
7 gt+1/(1 5)) (1+p) t ( ) *
P, =(1—-H, 0+ B o — C —u,
t ( t+1) + ( (Ht+1) Ht+1 +6 u
(47)
and forall 7 >¢+1
by +c (= — —b
_ gri1/(1—6) (1+p) (1 5 gr) 1
C=(0-H.1)0+B ) _ C—u
ot ( (Hr1) i e
(48)

Finally, the constraint that P, < C' (with equality if H,; > H,) need only be imposed for period
t.

Next observe that given a choice of period ¢t 4+ 1 debt, b;11, and a sequence of public good and
housing levels {gri+1, Hr+1}52,, the market equilibrium constraints (48) pin down the sequence of
debt levels {b;11}22, ;. Thus, these constraints can be eliminated and the debt levels {br41}9%,; 4

can be removed from the set of choice variables. This allows us to write the period t residents’

problem as:
MAX( P, by oy (gr i1 Hrr }22 ) Do 1000, (uB) ™ (Hrn — 1) + 125
s.t. H7—+1 2 HT
c (ﬁtfg - /Bgt-i-l) — Hia ((1 —Hy1)0+ B (W) — P+ pBC — u) +

i BTt { ( 5 Bg'rJrl) —H. ((1 —H.41)0+B (W) - C(1-p) —y)} =W
St (49)
P,=(1—-H1)0+B (%ﬁ)—j)) ((1+p)bt+C(Ht+1—9t) bt+1> +6C —u

PtSC(:ith+1>Ht)
Our next result uses this formulation to tie down the public good levels.

Fact A.1.5. In the period t residents’ optimal plan, for all periods T >t

Gre1=(1—-10)9° (Hry1) -



Proof of Fact A.1.5. Inspecting problem (49), it is clear that for all periods 7 > t+1, g,41 must
equal (1 —0)g° (H,41). The only place g,11 enters the problem is in the intertemporal budget
constraint and setting ¢.; equal to the level (1 — §)g° (H,41) maximally relaxes this constraint.
Given this, we can eliminate {gr11}32;,; from the choice variables and use the definition of

W(H,41) to write the intertemporal budget constraint as:

c (-‘itjél _ 5gt+1) — Ht+1 ((1 — Ht+1)§+ B (%jj)—a&)) — Pt + ﬁC — y)
+ Z BTW(Hr11)(1 = B) = Wh.
T=t+1
In addition, recalling that W, = ¢g, — (1 + p)b,, we can write the period ¢ equilibrium market
equilibrium constraint as

_ g1/ (1 — 5)) c45 — Begia <Wt - ,6Wt+1>
P=(1-H)0+B|—tpt ) - | 20— |+ [ ———T ) +8C —u
t ( t+1) < (Ht+1) Ht+1 Ht+1 ﬂ u

Substituting this into the intertemporal budget constraint, we get

o0

> BTTW(H ) (1= B) = Wi

T=t+1

Thus, we can rewrite problem (49) as

MAX{ P, Wiy1,ge41,{Hry1}52,} P+ /L? Ziozt (:U‘ﬂ)‘rit (H'r+1 - 1) + ﬁ

s.t. HT+1 Z HT
> BTTW(H 1) (1= B) = BWiga (50)
T=t+1
— - I+l g. _
Pi= (1t (200 - (e ) o (gt 0 -

PtSC(:ith+1>Ht)

We can now prove that g;11 must equal (1 — §)g° (H¢11). It is clear that this must be true if

P, < C, since then the optimal g;41 must maximize P; and hence

B (9t+1/(1 — 5)) B ¢4 — Begrn
(Ht—l—l)a Ht+1 .

In this case, we have that

Wt - 6Wt+1

Po=(1—-H1)0+S(Hipq) + ( =
t+1

>+50—Q-



Suppose then that P, = C' and that, contrary to our claim, g;11 is not equal to (1 — §)g° (Hyy1).
Then, we know that

C = (1—Hy1)f+B <9t+1/(1 —5)) _ (C% _BCQL‘H) n (Wt —5Wt+1) L B0 —u

(Hip1)” Hiy Hyy

< (1= Hy1)0+ S(Hysr) + (W)

As an alternative to the policies (Wi 1, g141), consider the policies (W[, (1 — 8)g°(Hy41)) where

Wi — BWi,

C=(1=H1)0+ S(Hyp) + < fi
t+1

)-l—ﬁC—%

These policies do not change the price P;. However, since W/, > W41, they relax the intertem-
poral budget constraint in the sense that
o0
Y BTTW(H ) (1= B) = Wi < SW/,,.
T=t+1
This permits the choice of a preferred sequence of housing levels {H ,,}2,, which is a contradic-

tion. |

Fact A.1.5 allows us to eliminate {g,4+1}22, from the choice variables. Moreover, substituting
in the optimal public good levels and using the definitions of W(H 1) and W, we can write the
period t residents’ problem as
Py, (nB) (Her = 1) + 125

s.t. H7-+1 Z HT

Hy 1 (P—C) —t W

max —t— 4 BTTIW(H,p1) = 724 51

o B | T T ) =55 (51)
Pt = C — (176)W(Ht+l_lIzil(Wt7ﬁWt+l)

P, <C (=if Hy > H)

This formulation is particularly insightful as discussed in the text. Using it, we are able to show

that all new construction takes place in periods ¢ and t + 1.

Fact A.1.6. In the initial residents’ optimal plan, for all 7>t + 3
H,. = Ht+2~

Proof of Fact A.1.6. Suppose the Fact is not true. Let 7 > ¢t 4+ 3 be the first period which
violates the claim; that is,

H >H, 1=..= Ht+2.



Let A be the multiplier on the intertemporal budget constraint in problem (51). Given that we can
raise H,_1 marginally without violating any of the constraints, we must have that benefits from so
doing, which are 10 (13)" >, are no greater than the costs, which are A3™2~"W'(H,_;). This
implies that

pOuT 2 AW/ (Ho ).

Given that we can lower H,. marginally without violating any of the constraints, we must have
that the benefits from so doing, which are A\37~1='W/(H,), are less than the costs, which are
10 (p3)" "' 7", This implies that

MW (H:) < ppm 10
Combining these two inequalities we have that W/(H,) < W/(H,_1), which contradicts the fact
that W(H) is convex. [ |

Fact A.1.6 allows us to eliminate the housing levels {H;1}32,,, from the choice variables and

write the period ¢ residents’ problem as

Py b [Hir =1+ 25 (Hyz = 1)] + 15
st Hypo > Hipn > Hy

H. + P,—C
{Pt,Wt+TI?Ji1,Ht+2} t 11(75 : + W(Ht+1) + %W(Hwﬂ) - % . (52)

P=C— A-BIW(Hi41) = (Wi —Wiy1)
t Hyqq

PtSC(:ith+1>Ht>

Moreover, plugging the market equilibrium constraint into the intertemporal budget constraint

reveals that

Wy — BW, W,
t 6 t+1 + /8 W(HtJrQ) — t

1-p 1-p5 1—p
which immediately implies that Hiyo = H(W;iy1). The period ¢ residents’ problem then reduces

to

Hyqq

¢ — UBWHe) =W fWirn) |5 [Ht+1 — 1+ T_/in_ﬁ(?-((vvprl) — 1)] +155
{Wt-fl:rll-e})[(r-%—l} s.t. H(Wiq1) > Hyyq > H,

Wy — BWipr < (1= BOW(Hyq1) (=if Hipq > Hy) F3)

This problem involves just a choice of two variables - Wiy and H,y1; - how much wealth to

accumulate in period ¢t and how much new construction to undertake.

10



Analyzing this problem, reveals that:

Fact A.1.7. In the period t residents’ optimal plan, there exist wealth levels W*(Hy) and W, (Hy),
satisfying W(Hy) < W*(Hy) < W, (Hy), such that

(Wy, H (W) if Wy > W*(H,)

(Witr, Heqr) =

(Wn(Hy), Hy) it Wy < W™ (Hy)
Moreover, there exists a housing level H® € (Hy, H®) such that W(Hy) < W*(Hy) < W, (Hy) for
all Hy € [Ho, H®) and W*(H;) = Wy, (Hy) = W(Hy) for all Hy € [H®,1].
Proof of Fact A.1.7. We know that (W;1, Hy11) solves problem (53). There are two possibilities
to consider: i) the period ¢ price constraint holds with equality at the optimal policies, and ii)
the period ¢ price constraint holds with inequality at the optimal policies. We begin with the first
possibility.
Possibility i). If the period ¢ price constraint holds with equality, then (1 — B)W(Hyyq1) = W; —
BWiyq. It then follows that Hiy; = H((W; — fWiy1) /(1 — B)). The constraint that Hyyq > Hy
implies that H((W; — fWiy1) /(1 — ) > H: or equivalently that

Wi — (1= B)W(Hy)
B

The constraint that H(Wy41) > Hyyq implies that Wy 1 > W;. It follows that the range of feasible

> Wit

Wiy1 values is
Wi — (1 = B)W(H,)
B

For this interval to be non-empty it is necessary that W; > W(H,).

Wt+1 S [Wt, ]

The optimal choice of period ¢ + 1 wealth must solve the problem

H(Wt—llilg/t-u) + 1fﬁﬁH(Wt+1)

max

Wy o
{Wipa} s.it. Wyyq € (W, W]

The derivative of the objective function is

B B Wy — Wi 1
1 —pp 1-p5 1-p

The concavity of the function H(W), implies that this derivative is negative for all Wi > W;.

H (Wigr) — H'( )-
The optimal choice of period ¢+ 1 wealth is therefore W;. This in turn implies that Hy11 = H(W3).
We conclude that if the period ¢ price constraint holds with equality at the optimal policies,

then the optimal policies are (W;, H (W;)). A necessary condition for this to be the solution is

11



that Wy > W(H;). Note for future reference that the payoff from this candidate solution is

10 u
C+ TE (W) — 1)+ 2

Possibility ii). If the period ¢ price constraint holds as an inequality at the optimal policies, then

(54)

(1 — B)W(Ht—i-l) > Wy — ,BWt+1 and Ht+1 = H;. This means that

Wi — (1 = BYW(H,)
3 )

The constraint that H(Wpy1) > Hipq requires that Wiy, > W(H;). Define the wealth level

Wi >

W, (H;) as the solution to the following problem

/BWH—l + [Le (1 B (H(Wt+1) — 1))
InaX{Wt+1} . (55)

s.t. Wi > W(Hy)

Then, the optimal policies must equal (W,,(H;), H;) and it must be the case that

W, — (1= SYW(H)

W, (H;) > B

The payoff from this candidate solution is

o <(1 — BOW(H,) — (W, —5Wn(Ht))) B <(Ht S P g - 1)> +

H,y 1—up 1-p
(57)
We now provide some more information about the wealth level W,,(H;). Let H?® be the housing

level satisfying the following equality:

(L= H*)G+S(H) + H*S'(H*) ~ C(1 - ) =u+ H°F (1 . uzl(l—;ﬁﬁ)) |

Assumptions 1 and 2 imply that H*® is well-defined and lies between Hy and H°. Then we have

the following claim:
Claim A.1.1. If H; > H?®, then W,,(H;) = W(Hy) and if Hy < H®, then W, (H;) > W(Hy).

Proof of Claim A.1.1. By definition, the wealth level W,,(H}) solves problem (55). The deriva-

tive of the objective function in problem (55) is

ﬁ - ,Ufﬂ /
Ht + /’1/9 /BH (Wt+1)7
and the second derivative is
7o ﬂ 2
b T BH (Wis1) < 0.

12



The objective function is therefore concave. To prove the claim, it suffices to show that if H, > H?®,

then it is the case that

Because the function H (W) is the inverse of the function W(H), we have that

1
H W) = ——— .
(Wet1) W (H(Wii1))
Moreover, it is the case that
1— HO—(1—H)§—-S(H)—-HS' (H
W/(H)ZC( B)""Q“‘ 0 ( )9 S( ) S( ) (58)

1-5
It follows that

—Hﬁt + Mgl__%H/(Wt-&-l)

—_B +:U'§ w3 |: _ 1-8 :|
Hy 1=pB | C(1=B)tutH(Wit1)0—(1—H(Wi41))0—=S(H(Wi 1)) —=H(Wit1)S" (H(Wita)) |

In particular, therefore, we have that

— 5+ HOTEEH (W (H,))

_ _B y ] 1-8
- +M91ﬁuﬁ C(l*ﬁ)+£+Ht57(17Ht)57S(Ht)7Hts/(Ht)j| ’

The right hand side of (59) is non-positive if

#20(1 - 5) 1 L
1—pB {C(l —B)+u+ Hf — (1— H)0 — S (Hy) — H S (Ht)] - Hy

This inequality is equivalent to

(1—H)+ S (H;) + HS' (Hy) — C(1 - §) < u+ H,8 (1 N Mj“;?) _

This follows from the fact that H; > H*. Similarly, the right hand side of (59) is positive if

(1— H)0 + S (H;) + HS' (Hy) — C(1 = ) > u+ H,0 (1u21(i—/¢§))7

and this follows from the fact that H; < H*. |
Finally, note that it follows from the claim and the fact that the wealth level W, (H;) solves

problem (55) that when H; < H® it must be the case that

I W (1) = - (60)
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Which possibility arises? Having understood the two possibilities, we can now analyze which
one arises. Suppose first that H; > H?®, so that W,,(H;) = W(H};). Then condition (56) implies
that a necessary condition for possibility ii) to be the solution is that W; < W(H;). Furthermore,
a necessary condition for possibility i) to be the solution is that W; > W(H;). Thus, we conclude
that when H; > H? the optimal policies are given by:

(Wi, H(We)) if Wy > W(Hy)
Wiy, Hepr) = . (61)

(W(Hy), Hy) if Wy < W(Hy)

The case in which H; < H?® is more complicated. It remains the case that a necessary condition
for possibility i) to be the solution is that W; > W(H;) and condition (56) implies that a necessary
condition for possibility ii) to be the solution is that W; < W, (Hy) + (1 — B)W(H;). Given
that W,,(H;) > W(H;), we can conclude that the solution is (W, (H;), H) if Wy < W(H;) and
(Wi, H(Wy)) if Wy > BW,,(Hy)+(1—B)W(H:). For values of W; in the interval [W(Hy), BW,, (H:)+
(1 — B)W(H,)) both possibilities are feasible. Thus, which possibility is optimal depends on a
comparison of the payoffs (54) and (57). We can show:

Claim A.1.2. If H, < H® there exists W(H;) € (W(Hy), BW,(Hy) + (1 — BYW(Hy)) such that
the optimal policies are given by:

(W, H(Wh)) if Wy > W (H,)

(Wi, Hep) = o : (62)

(Wi (Hy), Hy) if We < W(Hy)
Proof of Claim A.1.2. When W, € W(H,), 8W,(H:) + (1 — B)W(H)], the solution will be
(Wi, H (W) if (54) exceeds (57) and (W,,(Hy), Hy) if (54) is less than (57). Differencing (54) and
(57) yields

10 (1= BW(H,) — (W = Wu(H))\ pB
W) + ( 7 ) 110 (Ht + 1o MBH(%(HJ))
(1 - BW(H:) — (Wi — BWa(Hy)) = u3 1
- ( - ) =t (4 v, 1) - o om) )

Define the function ¢(W; H;) on the interval \W(H;), BW, (H) + (1 — B)W(H})] to equal this
difference.

Note first that

P OV(H,); Hy) = L IWnH) 2 W) _ 5 ( uB

, T O () — OV ).
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By the Mean-Value Theorem, there exists W € (W(H;), W,,(H;)) such that

L
H,

©W(Hy); Hy) = — [/ﬁl *MMBHI(W) _

The concavity of the function H(W') then implies that

} B (W (Hy) — W(H,)).

POVER)s 1) < = B 0, 1) = 51| 8 07, (11) — wia)) =0,

On the other hand, we have that

O(BWn(Hy) + (1 — B)W(H,); He)

- _.0 3 B -
- M_(Ht + 1 MH(Wn(Ht)) T NﬁH(BWn(Ht) +(1 5)W(Ht)))
I iww (H(BWa(Hy) + (1= BW(HL)) — (1 = pB) Hy + nSH(Wa(Hy)))
né

[H(BWn(Hy) + (1 = B)WV(Hy)) = (1 = B) HOWV(H:)) + SH(Wn (Hy)))]

> 0,

where the first inequality follows from the fact that H; = H(W(H;)) < H(W,,(H;)) and the second

inequality follows from the concavity of H(W).

Finally, we have that for all W € [W(H,), W, (H:) + (1 — B)W(H:)]

dp(W; Hy) 1 _( 1

= —— +uf
WA\T—u8

"W 0
oW Ht H ( )) > U,
where the inequality follows from the concavity of H(W) and the fact that W < W, (Hy).

We conclude that there exists a unique W (H;) € (W(H,;), BW,,(H;) + (1 — B)W(H;)) such that
(p(Wt,Ht) < 0if Wt < W(Ht> and (p(Wt,Ht) > 0 if Wt > W(Ht> ||

Pulling all this together, if we define the function

W(H;) if H < H®
W*(H,) = (63)
W(H;) if Hy > H*®
and remember that W, (H;) = W(H;) if H; > H*, Fact A.1.7 follows from (61) and (62). [ |
10.3 Verifying form of solution

We have now completed the characterization of the solution to the period ¢ residents’ problem
and can verify it has the same form as described in Proposition 2. If W, > W*(H;), then,

given that Hy11 = H(W;), in period t the housing stock increases to H(W;). Moreover, since
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gtr1 = (1 — 6)g° (H(W;)), the community invests in ¢g°(H(W};)) — g¢ units of the public good in

period t. Given that Wy, 1 = W, it must be the case that

c(1=6)g° (H(We)) — (L4 p)begr = cge — (1 + p)by,
which implies that

(14 p)bera = (14 p)be = c[(1 = 0)g” (H(W2)) — ge] -

Thus, all but ¢dg®(H(W;)) of the cost of investment is financed with debt. Since H, = H(Wi41)
and g, = (1 — 6)g°(H;) for all 7 >t + 2, thereafter, the community maintains the public good at
g°(H(W,)) and the market provides no more housing. From (48) we have that (1+p)b; = (14+p)bi+1
for all 7 > t 4+ 2, implying that debt remains constant. This means that the community’s wealth
remains at W; and taxes finance the maintenance of the public good and interest on the debt. The
price of houses is C' in period ¢ and in all subsequent periods.

If Wy < W*(Hy), then, given that H;y1 = Hy, no new construction takes place in period t.
Moreover, since gi+1 = (1 — 0)g°(Hy), the community invests in g°(H;) — ¢g¢ units of the public

good in period t. Given that W11 = W, (H;), it must be the case that
c(1=0)g°(He) — (1 + p)brr = Wi (Hy),
which implies that
(L+p)ber — (L4 p)by = c[(1 = 6)g°(Hy) — g:] — (Wn(Hy) = Wi).

The price of houses in period ¢ is

(L BYW(H) — (Wi~ 5V, ()

which is less than C. Given that Hy o = H(W,(H;)), in period ¢ + 1 the housing stock in-

creases to H(W,,(Hy)). Moreover, since gry2 = (1 — 8)g° (H(W,(H}))), the community invests in
9°(H(W,(Hy))) — (1 — 6)g°(Hy) units of the public good in period ¢. From (48), we have that

(L+p)brr2 = (14 p)bryr = c[(1 = 0)g” (H(Wn(Hy))) — (1 = 6)g°(Hy)],
implying that all but ¢dg°(H(W,,(H))) of the cost of investment is financed with debt. Since
H, = H(W,(H;))and g, = (1 — §)g°(H,) for all 7 > t 4 3, thereafter, the community maintains
the public good at ¢g°(H (W, (H;))) and the market provides no more housing. From (48) we have
that (14 p)b, = (14 p)byyo for all 7 > t+3, implying that debt remains constant. This means that
the community’s wealth remains at W,,(H;) and taxes finance the maintenance of the public good

and interest on the debt. The price of houses is C in period ¢ + 1 and in all subsequent periods.
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10.4 Properties of the functions W*(H;) and W, (H;)

It only remains to establish that the functions W*(H;) and W,,(H;) have the claimed properties.
We begin with the function W,,(H;). From the proof of Fact A.1.7, we know that W, (H;) =
W(H,) if H > H® and that if H, < H*® it is the case that W, (H;) satisfies (60). It follows
immediately from the concavity of H(W) that W,,(Hy) is increasing in H; if H; < H®. Moreover,
it is increasing if H; > H?, since W is increasing. The definition of H*® along with (60) imply that
limy, »ps Wy (Hy) = W(H?). This implies that W,,(H;) is increasing on the entire interval [Ho, 1]
and is continuous.

We now turn to the function W*(H;). This function is defined by (63). We know that if
H;, < H*®, then W(H;) € W(H,), BW,(H;) + (1 — B)W(H;)). We also claim that W (H;) is
increasing for H; < H®. To see this, note that W(H,) is implicitly defined by the equation

o(W(Hy); Hy) = 0. Tt follows that o

@ - 3<P(8W1Ht)

dH; — 9e(W:H,)'
oW

We have already established that % > (0. Thus, to establish the claim we need to show that

%Hf{‘) < 0. Differentiating and using the first order condition (60), we have that

Op(WiHy) _ (L=B)W'(Hy)  [(1=BW(H) = (W = BWa(H))] =
0H, H, (H,)? :
_ o a- ﬁ;{vtw(Ht) .

where the inequality follows from the fact that

(1= BYW(H,) — (W — W, (Hy))]

> 0.
(H:)”
Using (58) and the definition of W(H;), we have that
— / — _

H, (Hy)?
Thus,
5'90(W;Ht) (1 *5)W(Ht)
< 2
OH; (Hy)
It therefore suffices to show that

+0(1 - p) — S (Hy).

(1 — B)W(H:)

H,

17



Using the definition of W(H;), we have that

(L= BW(H))
H,
— HB(1— )+ (1= B)+u— (1 — H)I — S (H,) — HyS' (Hy).

+ H0(1 — p) — HyS' (Hy)

But since H; < H?®, we have that

(1~ H)F— S(H,) - B (H) > C(1-p)+u+HF (1 _ =5 5>)

> C(l=pB)+u+Hb(1—p),

where the last inequality follows from the fact that
P21 —B)

L—up
Given that W (H;) € (W(Hy), BW,,(H;)+(1—B)W(H,)) and that limg, ~g: W,,(H;) = W(H?),

it must also be the case that limpy, ~g W(H;) = W(H®). Given that W*(H;) = W(H,) if

< W.

H,; > H*®, this implies that W*(H;) is increasing on the entire interval [Hyp, 1] and is continuous.
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11 Appendix 2: Proof of Theorem

Let W* € U and let £(W™*) be the associated candidate equilibrium. We need to show that &(W*)
is an equilibrium if W* satisfies the conditions of the Theorem. This requires showing that the
policy rules and value function defined by (25), (27), (28), (30), and (31) satisfy the conditions for
equilibrium described in Section 5. Recall that there are two such conditions. The first is that,
for all states (g, b, H), the policy rules solve the residents’ problem (17) when the future price and
continuation value are described by (30) and (31). The second is that, for all states (g,b, H), the
value function satisfies the equality (18).

It is helpful to write out problem (17) with all its constraints as follows:

(L= ) [P+ 25| + 0 [B (St ) T+ BV (g0, H)
s.t. (1+p)b+c(% —g) =V +HT

(g0 T 1, P) g20&H 2 H

P=(1—H)0+B(L2D) — T+ BP(g b H') —u

P<C (=it H > H).

Solving the budget constraint for the tax 7', substituting this into the objective function and
market equilibrium condition, and using the notation W and W' to describe current and future

wealth, we can remove the tax as a choice variable and write the problem as:

e(sa)

(1= p) [P+ 25|+ {B(g(,ﬁ;f)) + B BV (g0 1)

st.g >0& H > H
ey

_ ) "/(1=6) "/(1=9)
(9" WIo1,P) P=(1-H0+B(%gm=) — B ) — =
+ U2 L BP(g Y HY) — (§4)

P<C (=if H > H).

While the wealth level W’ replaces the debt level b’ in the set of choice variables, the latter can
be immediately recovered from the equation v/ = 8 (W' — ¢g’). This is the form of the residents’
problem we will work with. Since behavior in our candidate equilibrium differs in states in which
the housing stock is greater than H?® and states in which the housing stock is less than H?®, we

consider the two situations separately. We begin with the former case, since it is simpler.
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11.1 States (g,b, H) such that H > H*

11.1.1 Policy rules and value function

The policy rules and value function depend on the functions W*(H), H.(W), and W,,(H). Since
W* € U, we know that for states (g,b, H) such that H > H*, W*(H) = W(H). Moreover, in this
range, the functions H.(W) and W,,(H) turn out to be very simple. Our first result describes the
function H.(W).

Fact A.2.1. If W > W*(H) and H > H®, then H.(W) = H(W).

Proof of Fact A.2.1. Using (26) and (29), in this range H.(W) is implicitly defined as the

solution to the system
P(H,W(H),W)=C & W(H.) > W. (65)

From the definition of W(H), it is clear that

and that W(H(W)) = W. This implies that H(W) is indeed a solution to (65). Suppose
there is another solution, say, H’. Given the constraint that W(H’) > W, we know that H’
exceeds H(W) and is thus greater than H®. Given the definition of W(H), this implies that
PH',W(H"),W(H")) equals C. Thus, since P(H',W(H'), W) must equal C, W = W(H') which
contradicts the fact that H' exceeds H(W). [ ]

Given Fact A.2.1, (25) implies that the equilibrium public good and housing rules are:

1—6)g°(H), H) it W < W(H
bt g by — ] OIS

(1 =0)g°(H(W)), R(W)) it W > W(H)

Moreover, from (31) and (32), the value function is

Vieb H) = VW(H)) + —5— if W <W(H) | ©7)

V(W) if W > W(H)

where
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It is clear that V* is increasing, since

ave(W) ([ ub
dw _<1—Mﬂ

> H' (W) > 0.

Moreover, V* is strictly concave, since

VW) (b "
T = (I—MB)H (W) <.

Importantly, it is also the case that

AV OW(H®)) 1
F—aw T H

and that for all H > H*

To understand these findings note that

dV*W(H)) 1 1 = 1
bl S A 0 H)) - —.
AW 7~ \ T ) PO OVIEH) —
As shown in the proof of Fact A.1.7 (see proof of Claim A.1.1), this derivative equals

(~5) | o o
1—u3) " [CO—B) +utrHI—(1_HP—_S(H) _HS (H)| H
We know from (24) that, by definition,

sp sp :u2(17ﬁ)

Rearranging this, yields
1-p5 1

()| -
1—wB )" |C0—B) rut HO—(1—H*)8— S(H*)_ H*S'(H*)|  H*

which establishes (71). For (72), it is enough to show that for all H > H?,

u+ HO— HO (”21(17;5)> >(1—-H)0+S(H)+HS (H)—C(1-p).

This follows from (24) and Assumption 1(i).

Our next result describes the function W, (H).
Fact A.2.2. If H > H®, then W,,(H) = W(H).

Proof of Fact A.2.2. Using (29) and (33), we have that
155 + P(H, W' W(H)) + pf(H — 1) + pV*(W')

s.t. P(H, W'\ W(H)) < C

21

> = (1— H%0+ S (H*) + H*S' (H*) — C(1 — B).

(72)
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The constraint in this problem is slack for all W’ > W(H) and is violated for all W/ < W(H).
Thus, if the objective function is decreasing in W’ for all W’ > W(H), it must be the case that

Wy (H) = W(H). The derivative of the objective function is

av-wy) 1
Faw T H
From (70) and (72), we have that

av(w’ 1 av*(W(H 1
e

as required. |

Given Facts A.2.1 and A.2.2, (27) implies that the equilibrium debt rule is

¥ia,b.ED) U= ED=WED it W < W(H) -
97 3 =
A= CUWN=W i W > W(H)

This, together with the public good rule, imply that next period’s wealth W' is W(H) when
W < W(H) and W when W > W(H). The price rule is

P(H,W(H),W) it W < W(H)
P(gvbaH): . (76)

C it W >W(H)
11.1.2 The residents’ problem

We are now ready to show that the policy rules defined by (66), (75), (76) solve the residents’
problem (64) given that the future price and continuation value are as described in (76) and (67)
and (68). Our first observation is that we can assume that the residents’ policy choices are such

that next period’s wealth is at least as big as the threshold W(H').

Fact A.2.3. Suppose that H > H® and let (¢', W', H', P) solve problem (64) with future price and
continuation value as described by (76) and (67) and (68). Then, we may assume without loss of
generality that W' > W(H').

Proof of Fact A.2.3. Suppose that W' < W(H'). We will show that increasing W' to W(H')
will not violate the constraints or change the value of the objective function in problem (64).

Regarding the former, note that using the equilibrium price rule, the definition of P in (29), and
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the definition of W(H’) in (20), we have

P = (1-H)0+ B(g’{l(;/)aa)) L (%H, 5g/) + X ;ﬁwl +BP(¢ 0, H') —u
= (1-HY+ B(g/ég,)_aé)) L (lgléHj 59') + w ;{?W/ + BP(H' W(H'),W') —u
Q- HY+ B(glég,);‘s)) L (T%H_ ) + WOV (o war') wia'))
= (1-HY+ B(g/ég_,)aa)) L (%H, Bg/> L= gV,V(H/) +BC —u.

Regarding the latter, note that using the equilibrium value function and the definition of W(H’)

in (20), we have

g/0-3), ¢ (35 -69) w—pw

PGy ot AV
’ . c %—5‘9’ . ’ ’ /
ST G el S A PN L
1 c 1%/—69’ _ /
- B ( - ) w DV 4 gy owiay).

Fact A.2.3 simplifies matters considerably as it ties down the form of the value function and

fixes the future housing price at C. It allows us to rewrite problem (64) as

u "/(1— ¢ Tg—l_fﬁ/ — 4 %
=n {P+ﬁ]+“{3(g<§>ag)>_ (E2) | wepw' | gy

st.gd >0& H >H

7 4 — c _’;/_*,3 ! _ ’
(g W7, P) P=(1-H)+ B(L452) - G i 7). WopW! 4 30—y
P<C (=if H > H) (77)
W’ > W(H')

Our next result shows that public good provision is efficient.

Fact A.2.4. Suppose that H > H*® and let (¢', W', H', P) solve problem (77) with V*(W') given
by (68). Then, ¢' = (1 —6)g°(H').
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Proof of Fact A.2.4. Note first that

Thus, provided that such a choice does not make P greater than C, it will clearly be optimal to
set ¢’ equal to (1 — §)g°(H’). Suppose then that such a choice does violate the price constraint;

ie.,
W — W’

(1—-H"Y0+ S(H") + 7

+BC —u>C.
Then clearly it must be the case that the price constraint binds under the policies (¢', W', H'),
which means that

g/0-0) <(E=0) w_sw
(HI)O‘ ) - o' + o'

C=(1-H)I+ B( +BC —u.

This implies that the payoff from the policies (¢/, W', H') is

(1 — pup) (C’ + %) + pf(H' — 1) + pBV*(W").

Now choose W greater than W' to satisfy the price constraint with the efficient level of the

public good; i.e., .
W — BW
H/
Consider the alternative policies ((1 — 0)g°(H'), W, H') which involve the efficient level of public

(1-H0+ S(H') + +BC —u=C.

good and a higher level of wealth passed to next period’s residents. Clearly, these policies satisfy

the constraints. Moreover, the payoff from them is

(1— uB) (c + %) + pl(H' — 1) + BV (W).

This exceeds the payoff from the policies (¢', W/, H') since V*(-) is increasing in wealth (see (69)).
[ |

Fact A.2.4 allows us to write the residents’ problem as

(L= ) [P+ 25| + [SC) + 2522 4 gv=(w)]
st. H > H
- . P=(1—-H)+SH)+ YW | gC -y

P<C (=if H > H)

W' > W(H')
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or, eliminating P, as

(1—p) [(1—H’)§+ﬂ07g+ %} + S(H") + W;IB’W/ BV

st. H >H

max
(W',H")

(1—HYI+S(H) +Y=BY (1 - B)C <u(=if H > H)

W'>W(H')
Our next result ties down the optimal (W', H').

Fact A.2.5. Suppose that H > H*® and let (W', H') solve problem (78) with V*(W') given by
(68). Then,

W(H),H) f W <W(H)

(W' H') =

(W,H(W)) it W >W(H)
Proof of Fact A.2.5. There are two possibilities to consider: i) the price constraint holds with
equality at the optimal policies, and ii) the price constraint holds with inequality at the optimal
policies. We begin with the first possibility.
Possibility i). If the price constraint holds with equality, then (1 — S)W(H') = W — gW'.
It then follows that H = H((W — W') /(1 — B)). The constraint that H' > H implies that
H((W — W) /(1 — ) > H or equivalently that

W (1 Hw)
s

The constraint that W’ > W(H’) implies that H(W') > H' = H((W — gW’') /(1 — /3)) and hence

> W',

that W’ > W. It follows that the range of feasible W' values is

W — (1 - B)W(H)

W' e [W,
e W 5

.

For this interval to be non-empty it is necessary that W > W(H).

Using (68), the optimal choice of wealth must solve the problem

Hmf?Hfﬁ%WW’)
ma/X
L stowr e pw, H=mpwan)

The derivative of the objective function in this problem is

ups B
1—pup 1-8

W — W’

H'( 5

H(W') —

).
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The concavity of the function H(W), implies that this derivative is negative for all W’ > W. The
optimal choice of wealth is therefore W. This in turn implies that H' = H(W).

We conclude that if the price constraint holds with equality at the optimal policies, then
the optimal policies are (W, H (W)). A necessary condition for this to be the solution is that
W > W(H).

Possibility ii). If the price constraint holds as an inequality at the optimal policies, then (1 —
BW(H') > W — W' and H' = H. This means that

W — (1 - B)W(H)
3 :

The constraint that W’ > W(H') requires that W' > W(H). Using (68), the optimal choice of

W’ >

wealth must solve the problem

B+ (755 (HOV') — 1)
max{W/}

st. W' > W(H)
This problem is identical to problem (74) and hence, by Fact A.2.2, the solution is W(H). For the

price constraint to hold as an inequality it must be the case that

W — (1 - B)W(H)
ﬂ 3

W(H) >

which requires that W < W(H).

We conclude that if the price constraint holds as an inequality at the optimal policies, then
the optimal policies are (W(H), H). A necessary condition for this to be the solution is that
W <W(H).

Which possibility arises? Having understood the two possibilities, we can now analyze which
one arises. A necessary condition for possibility ii) to be the solution is that W < W(H). Fur-
thermore, a necessary condition for possibility i) to be the solution is that W > W(H). Thus, we
conclude that the optimal policies are given by:
W(H),H) W < W(H)
(W', H') = ,
(W, H(W)) if W >W(H)

as required. |

Using Facts A.2.4 and A.2.5, it is clear that the residents want to follow the equilibrium policy
rules described in (66), (75), and (76).
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11.1.3 Verifying form of value function

It remains to verify that the value function as described by (67) and (68) satisfies (18). Suppose
first that (g,b, H) is such that W > W(H). Then, we have that

(=) [P0+ 25|+ [ (L) - 10+ 8V 000, 1)
W — AW

= (1-p [04—%] + 1 [S(H(W))—l- )

5 + BV*(W)]

= V*<W)a

as required. Now suppose that (g,b, H) is such that W < W(H). Then, we have that

[ U g'()/(1—=9) ’ / ’
= [p+ 23] B (PR - 10+ VO 0.0
= - [P, )+ 725 s+ T v ovn)|
- 1w :C+ %] o {S(H) o W) = PVH) +6V*(W(H))} § WNH)
= v + LD

as required.

11.2 States (g,b, H) such that H < H*

11.2.1 Policy rules and value function

The functions H.(W) and W,,(H) are defined by (26) and (33) and are more complicated in this
range. We present two key results that establish some important properties of these functions.
The first result concerns the function H.(W).

Fact A.2.6 If W € [W*(H),W(H?)) and H < H®, then H.(W) is uniquely defined, belongs to
the interval (H, H®), and is increasing in W. Moreover, for any initial housing level Hy < H*,
the sequence (Hy),>, defined inductively by H, = H.(W*(H;_1)) converges monotonically to H*.
Similarly, for any initial wealth level Wo < W(H?), the sequence (W;);o, defined inductively by
W, = W*(H.(Wi_1))) converges monotonically to W(H?).

Proof of Fact A.2.6 Using (26) and (29), H.(W) satisfies the equation P(H., W*(H,.), W) = C.
Because W € [W*(H),W(H?®)) and W* € ¥ we know from the assumed properties of W*(H) that

PH,W*(H),W)>PH,W*(H),W*(H)) > C,
and that

P(H®,W*(H®),W) < P(H*, W*(H*), W*(H*)) = C.
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Thus, by the Intermediate Value Theorem, there must exist a solution H. € (H, H®) at which
P(H.,W*(H.),W) = C. Moreover, at this solution, we must have that W*(H,.) > W. If not,
then W*(H.) < W. But then we have that

C= P(Hcv W*(HC), W) > P(Hcv W*(HC), W*(HC)) > C,

which is a contradiction.

For uniqueness, it is sufficient that

dP(H,W*(H),W)

dH <0

at any solution of the equation P(H, W*(H),W) = C. Note from (29), that

dP(H,W*(H), W) _ BAWHH) (W - BW(H))

dH =0+ S ) - g - H?
Moreover, at a solution
A= SWED) (4 g+ 5 (1) - OO ) -
Thus, at a solution
dPHW(H) W) & B AW (H) [(1L—H)I+S(H)—C1-p) —ul
dH = RS gt H
B C(1—B)+u—(1—2H)0 — HS'(H) — S (H) + p2H)
= - 7 )
Given that W*(H) is increasing, we have
AP (H, W*(H), W) [w+ HO — (1 — H)8+ S(H) + HS'(H) — C(1 - B))
a0 < — H <0

where the last inequality follows from Assumptions 1(i) and 2.
A similar logic implies that H.(W) is increasing in W. Given that the solution satisfies C' =
P(H.,W*(H,.),W), we have that

IP(H.,W*(H.),W)
dH. — ——Fw——"— 1
AW~ dP(H Wr(H) W) _H dP(Ho ,W*(Ho),W) *
dH c dH

Given that dP(H., W*(H.), W)/dH is negative, the result follows.
Now let Hy < H* and consider the sequence (Hy),~ , defined inductively by Hy = H.(W*(H;—1)).
We first show the sequence is increasing. To see this, recall that we showed that for any H < H?,

it W e [W*(H),W(H?)), then H.(W) belongs to the interval (H, H®). Taking H = H;_
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and W = W*(H;_y), this implies that H.(W*(H;_1)) belongs to the interval (Hy_q, H®). It
remains to show that the sequence converges to H®. Since the sequence is bounded by H*®
and is increasing, it converges. Let H,, denote this limit. We know that for all ¢ > 1, we
have that P(H;, W*(H;),W*(H;—1)) = C. Given that W*(H) is continuous, it follows that
P(Hoo, W*(Hs), W*(Hs)) = C. Since P(H,W*(H),W*(H)) > C for all H < H?, this im-
plies that Ho, must equal H® (recall that P(H®, W*(H?®), W*(H?®)) = C).

Finally, let Wy, < W(H?®) and consider the sequence (W;),>, defined inductively by W; =
W*(H.(W;_1))). Associated with this sequence of wealth levels, is a sequence of housing lev-
els <Ht>fio defined inductively by H; = H.(W;_1). This sequence satisfies the equation H; =
H,(W*(H_1)) and hence converges monotonically to H®. Given that the function W*(H) is in-
creasing and W*(H*) equals W(H*), it follows that the sequence (W)~ converges monotonically

to W(H®). ™

We can use Fact A.2.6 to shed light on the form of the function V*(W) defined in (32). For
any W < W(H?®), we can construct a sequence (W;(W)),, that starts at W (i.e., Wo(W) = W)
and is defined inductively by Wy (W) = W*(H.(W;_1(W)))) as in Fact A.2.6. We can then write

T (1 _u Wo(W) — BW1 (W) .
Vi) = (- [ 5] s romaoy) + R v onan))|
Similarly, we can write
VIONR) = (1= |-+ 23] | Gmiv) + SRR gy v v
Iterating, we obtain
C N tq_ _u Wi (W) — BWia (W)
V) =3 ) (- |0+ 725+ u[s oy + PR,

We know from the definition of the function H.(W) that for all ¢

Wi(W) — Wi 1 (W)

(1= He(Wo(W))P + S (Ho(We(W)) + =iy

-C(1-p)=u

This implies that H.(W;(W)) = H(%W) and allows us to write

oo

+Y (uB) b [H(

U
1-p5
Combining (68) and (79), we may conclude that

VH(W) =C +

Wa(W) = BWrsa (W) 1} , (79)

1-p5

t

ey < 4 O T T R (8 P [P (WDZERn 00 ] i W e (W (Ho), WH))

C+ 25+ (1255) (W) = 1) i W € DV(H®), W(1) 50
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There are several points to note about the V*(W) function. First, note that it is continuous
at W = W(H?), since for all ¢
li Wie(W) — BWip (W) = (1 — H?#).
w t(W) = BW (W) = (1 = BYW(H*)
Second, the function is increasing. We have already demonstrated that this is true on the interval
W(H?®),W(1)] (see (69)). To see that it is true on the interval [W*(Hy), W(H?)), it is easiest to

write the function as

o0

+>(uB)! b [Ho (W (W) — 1.
=0

t

u

1-p

V(W) = C +

It follows that

av(w > + ~dH (W, (W
—dév ) —;(uﬁ) M9—(dW( )

As shown in the proof of Fact A.2.6, dH.(W(W))/dW is positive. We claim that for all ¢, W/ (W) is
also positive. The proof is by induction. We know that Wy(1W) = W and hence the result is true
for t = 0. Now suppose the result is true for all 7 < ¢t — 1 and consider if it is true for ¢. By
definition, we have that Wy(W) = W*(H.(W;-1(W))). Thus, we have that

_ AW (H Wi n (W) dH (Wi a (W) )

!
Wt (W) dH dW t—1

(W).

Each term on the right hand side of this expression is positive, and hence W/(W) is positive as
required.

Third, the value function is likely to be kinked at W = W(H?). This is because

avr (W) | O () (B By (P CO) S W e (W (Ho), W(H?))
aw =
(+255) 1 (W) it W & DV (), W(1)]

Under the assumption that V* (W) is concave, it follows from (71) that for all W € [W*(Ho), W(H?))36

av*(W) - 1
dw Hs'
Finally, note that for all W € [W*(H,), W(H?)), the second derivative of the function V*(W) is

H”(Wt(W)Ifi‘/ﬁVt+1(W))(W{(W);é‘g/£+1(W))2
— Wi (W)=BWia (W) W/ (W)=BW/ (W)
t=0 TH( ( )165 +1( ))( — +1 )

36 Tt can be shown analytically (see the proof of Fact A.4.1) that, if the value function is concave and kinked
at W(H?), then the left hand derivative of the value function at W(H?®) must be equal to pu(1 — p8)/[(1 — B)H?].
Accordingly, a necessary condition for concavity is that 8 exceed 1/(1 + u). For realistic parameterizations, this
condition will be always be satisfied.
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The first part of the terms that is summed is clearly negative, but the second part is harder to
sign. This is why it is difficult to establish analytically that the V*(W) function in this range is
concave. Our assumption that V*(WW) is concave amounts to assuming that the second part, if
positive, does not fully offset the first part.

The second fact concerns the function W,,(H).
Fact A.2.7. If H < H®, then W,,(H) > W*(H). Moreover, P(H,W,,(H), W*(H)) < C.

Proof of Fact A.2.7. We begin with the first claim. By definition (33), we know that P(H, W, (H), W*(H))
must be less than or equal to C. Suppose, to the contrary, that W, (H) < W*(H). Then, since
W* € U, we have

P(H,W,(H),W*(H)) > P(H,W*"(H),W*(H)) > C.

This is a contradiction.

Turning to the second claim, we will show that if P(H, W,,(H),W*(H)) = C it must be that
the payoff from the policies (W,,(H), H) when the state is (W*(H), H) is strictly lower than the
payoff from the equilibrium policies (W*(H.(W*(H))), H.(W*(H))). But this is inconsistent with
equality (34) being satisfied at H, which is a contradiction. This will imply that it must be the
case that P(H, W, (H),W*(H)) < C.

Consider first the payoff from the policies (W,,(H), H) when the state is (W*(H), H). By the
first claim, we know that W,,(H) > W*(H) so that there will be new construction next period. It
then follows that next period’s price will be P(H, W*(H.(W,,(H))), W,(H)) = C. Moreover, the
payoff from (W,,(H), H) can be written as

B
1-5

W (H) — BWn(H)

(1—p)|[(1-H)0+BC +u i

+S(H)+

+ pBV* (W (H)).

Since P(H,W,,(H), W*(H)) is equal to C, we have that

W*(H) — W, (H) =C(1-pB)+u—(1 —H)g

S (H) +

H
We can therefore write (81) as
1—up yol *
C(1—pp) + T3 u+ pb(H — 1) + pBV* (W (H)).
Now note that H = H(%@W"(m), so we can write this as
o8 + (=47 e [ LB | v v, s2)
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Next observe from (79) that

VW) = €+ —2— 5" ()’ 10 WAH))—ﬁWtH(Wn(H)))_l]_

Wi(
S )l | =
t=0
Substituting this into (82), the payoff from (W,,(H), H) can be written as

il [H (W*(H)l—_ %Wn(H)) B 1} +§ (uB) " 4 [H (Wt(Wn(H)) 1— f?lg/Hl(Wn(H))) B 1}

u
Cer

Note also that the payoff from the equilibrium policies (W*(H.(W*(H))), H.(W*(H))) in state

(W*(H), H) can be written in a similar way as

U = [0, W (H) = BW*(H(W*(H)))
C—Fm-l—/ﬂg[?'l( T3 )_1:|
3 ()l [th<W*<Hc<W*<H>>>> - _ﬁvaHl(W*(Hc(W%H))))

)—1
t=0

Moreover, we know that since
Wr(H) — pWn(H)
1-p

we must have that W, (H) > W*(H.(W*(H))).
Now define the function ¢ (W) on the interval [W*(H.(W*(H))), W,,(H)] as follows:

W*(H) — BW*(H(W*(H)))
1-p

H = H( ) < Ho(W*(H)) = H( ),

PIV) = C+ 2440 H<—W*<fj; BW, 1] ©3 ) B {H(Wt(W) W (W)
t=0

If we can show that this function is decreasing in W, we will have established that (W, (H), H)
must yield a smaller payoff than (W*(H.(W*(H))), H.(W*(H))) in state (W*(H), H), which
contradicts equality (34).

Consider then differentiating ¢(W). Ignoring multiplicative constants, the derivative is

7H’(w)ﬁ + Z (‘uﬁ)t-i-l H/(Wt(W) B BWt+1(W))(Wt/(W) . BWt/-}-l(W))

1-5 t=0 1-6
Rearranging, and using the fact that W/(W) = 1, we can write this as

W*(H) — bW Wo(W) — BW1 (W)

—B[H’( D) — (PP,
_Z (uB)' B [H/(Wt—l(Wl)_—;Wt(W)> _ uH’(Wt(W) I—_ﬁ‘gftﬂ(W)) W (W),

t=1
We know that for all ¢ > 1, W/(W) > 0. In addition, we know W*(H) — W < Wy(W) — W1 (W)
and that for all ¢ > 1, Wy_1(W) — W(W) < Wy(W) — W1 (W). Since H is concave, this
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implies that the above expression is negative. We conclude that the derivative is decreasing in W

as required. |

Given Fact A.2.7, we know from (33) that

u

W(H) = argn;@x{u — ) [P(H,W',W%H)) +—= ] +p [sm) W) - W

H

e +avew| |

The derivative of the objective function is

]

We know from (70) and (71) that for any W’ > W(H?®) we have that

VW) v OMES) 11
v <H

aw  mCH
Accordingly, W,,(H) < W(H?). Recall, however, that the value function may be kinked at W(H?).

It follows that W,,(H) must either satisfy the first order condition

dv*(W,(H))

1
—av W (83)

or equal W(H?) if it is the case that

lim L/*(W) > 1
W/W(HS)M daw T H’

11.2.2 The residents’ problem
We are now ready to show that the policy rules defined by (25), (27), (30) solve the residents’
problem given that the future price and continuation value are as described in (30) and (31) and

(80). Our first observation is that the residents’ policy choices are such that next period’s wealth

is at least as big as the threshold W(H’).

Fact A.2.8. Suppose that H > H® and let (¢', W', H', P) solve problem (64) with future price and
continuation value as described in (30) and (31) and (80). Then, W' > W*(H'").

Proof of Fact A.2.8. Suppose, to the contrary, that W’ < W*(H’). Then, from (30) and (31)
P(g,B(W' —cg'),H')=PH ,W,(H),W")

and
W' —W*(H')

V(g ,B(W' —cg'),H) =V (W*(H")) + I
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Thus, the current price is

/-5 (v -8d) w_pw

P:(LJTW+B((HT¥ 7 +—5 + BPH' W, (H'),W') — u.
and the payoff is
/ Y c ng - Bg’ — /
(1-p) {P+ ﬁ}w B(Q{S,)a )y _ (1 ‘ZH )+W H?)W +B(V*(W*(H’))+

Note that neither the price nor the payoff vary with respect to W’ for any W' < W*(H’). How-
ever, at W/ = W*(H'), the price jumps up reflecting the fact that the future price jumps from
P(H', W, (H"),W*(H")) (which is less than C by Fact A.2.7) to C. If it is the case, that

, _ c —91——/8' _ *(TT!
wowen =9y U)W o

Then it is clear that we can replace (¢', W', H', P) with a policy in which W’ = W*(H’) and we
will have increased the value of the objective function. Since this is a contradiction, we can assume
that
g pdl0-0), (5 =07) W s
(1-H"0+ B( (" ) — 7T + 7T +p8C —u>C.
We can also write the payoff under (¢/, W/, H', P) as

(1—W[P+T%E]+u

pt0=9), (&5 =09) wswearn)

7 L v |

(84)

Now choose a wealth level W > W* (H’) which keeps the current price equal to P, but makes

the future price equal C. This price satisfies

_ ’ _ C iqflfﬁg/ _ 8
(I_H/)0+B(g égl)aa))_ ( (SH/ )—"_WH?W

+BC—u=P (85)

The policies (¢, /I/I7, H', P) yield a payoff

(1—W[P+T%E]+u

(86)

Comparing (84) and (86), we see that choosing the alternative policies (¢’, W,H, P) will increase

the objective function if

V) - s v ) - VU
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Given that V* is strictly concave, this will be true if

dv* (W) L
aw T H'

We know from (83) that
dv*(W,(H")) - 1
aw H

thus it is sufficient to show that W is less than W, (H").
To establish this, note first from (85) that

/ _ C —QI——B/ _ * !
(- 7+ B - (”H, /) ¥ OWEC) 4 (! Wu(H') W (H') —
_ 1 — ¢ (%5 - B’ _ 5
_ (1—H’)9+B(9<2,)a5))— ( " g)+WHf3W+/30—M.

Cancelling terms and dividing through by §, this implies that

W — W*(H')

e =C.

PH' ,W,(H),W*(H")) +

Recall that, by definition,

W (H') — BWn(H')

PH' W, (H),W*(H"))=1—-H0+S(H') + G

+ BC — w.

Thus, this implies that

W — BW,(H')

(1—-HN+ S(H') + G

+8C—-—u=C
or, equivalently, that
P(H' W, (H'),W) = C.

This equality implies that W < W, (H'). Suppose, to the contrary, that W > W,(H'). Then, by
Fact A.2.7 and the fact that (by definition) W*(H’) > W(H'), we have that

PH' W (H'), W) > PH' W, (H'), W, (H"))
> P(H',W*(H),W*(H'))
> PH' WH),WH))=C,
which is a contradiction. |

Fact A.2.8 allows us to rewrite problem (64) as
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(=) [P 225 | (52 - o) | weaw' | gy
st.gd >0& H > H
o 8 P = gy ) e e,
P<C (=if H > H) (87)
W' > W*(H')

Our next result shows that public good provision is efficient.

Fact A.2.9. Suppose that H < H*® and let (¢', W', H', P) solve problem (87) with V*(W') as
described in (80). Then, ¢’ = (1 —08)g°(H’).
Proof of Fact A.2.9. The argument is identical to the proof of Fact A.2.4. |
Fact A.2.9 allows us to write the residents’ problem as
(1= ) [(1 = HYI+ BC —u+ 725 + (') + 5B 4+ v (W)
st. H >H

max
W - s + B - (1= p)C < u (=i H > H)

W' > W*(H')
Our next result ties down the optimal (W', H').

Fact A.2.10. Suppose that H > H*® and let (W', H') solve problem (88) with V*(W"') as described
in (80). Then,
(Wn.(H),H) it W < W*(H)
(W/7 H/) =
(W (He(W)), He(W)) it W = W*(H)
Proof of Fact A.2.10. There are two possibilities to consider: i) the price constraint holds with

equality at the optimal policies, and ii) the price constraint holds with inequality at the optimal

policies. We begin with the first possibility.

Possibility i). If

W — W’
H/

then H' = H((W — W’) /(1 — )). The constraint that H' > H then implies that W — gW' >

(1—HY0+S(H") + —(1-p8)C =u,

(1 — B/)W(H) which means that
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The constraint that W/ > W*(H') implies that W’ > W*(H((W — gW’) /(1 — 3))). Since

W — W= (H.(W))
1-p

this inequality requires that W’ > W*(H.(W)). It follows that the range of feasible W’ values is

He (W) =H(

),

W—(Q1-BW(H)
B

W' e [W*(H.(W)), ].

For this interval to be non-empty, it is necessary that
BW*(He(W)) + (1 = BYW(H) < W.

If this condition is not satisfied, then there exist no values of W’ such that both H((W — gW’) /(1—
B)) > H and W' > W*(H((W — W’) /(1 = ))). This condition is equivalent to the requirement
that W > W*(H) + (1 — S)W(H). To see this, note that

P(H,W*(H),H '(H)) =C.

C

Thus,
H;H(H) = BW*(H) = (1 - B)W(H),

which implies that
H'(H) = BW*(H) + (1 = H)W(H).

(&

If W > H_Y(H), then H.(W) > H and
P(HC(W>7 w (HC(W))’ W) =C.

This implies that

W —BW*(H(W)) = (1 = BYW(H(W)) = (1 = B)W(H)
If W< H7Y(H), then H.(W) < H and
PH.(W),W*(H.(W)),W) =C.
This implies that
W = BW*(H(W)) = (1 = BYW(H(W)) < (1 = B)W(H).
Using the fact that the price constraint binds, we can write the objective function as

O -8 + (247 ) w8 [T

) =1+ upV (W)
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Note from (80) that the form of the function V*(W') depends on whether W’ is greater than or
less than W(H*#). This requires us to distinguish three cases: a) W < gW(H*®) + (1 — B)W(H);
b) W > W(H®); and c) W € (BW(H?) + (1 — B)W(H), W(H?)).

In case a), w < W(H?®). Using (80), the optimal W' must therefore solve the

problem

uo [H(W%BBW) - 1} + 300 ()l | (B (V) 1}
HI}Va’X
st. W' e [W*(H(W)), w]

We claim that the objective function is decreasing in W’ and hence that the solution to this
problem is W*(H.(W)). Ignoring multiplicative constants, the derivative of the objective function

is

0+ Y eyt (CE B ) — gy v,
t=0

Rearranging, and using the fact that W/j(W') = 1, we can write this as

W — W’ y Wo(W') — pWH(W”)
B () — e (LB,
_Z (Mﬁ)tﬁ [H/(th(W;)__BBWt(WI)) o MH/(Wt(WI) ;_Blg)/ﬂrl(wl)) Wt/(W/)

We know that for all t > 1, W/(W') > 0. In addition, we know W — W’ < Wo(W') — W (W)
and that for all ¢ > 1, Wy (W') — SWL(W') < W (W') — fW, 11 (W'). Since H is concave, this
implies that the above expression is negative.

In case b), H. (W) = H(W) > H® and W*(H.(W)) = W > W(H?®). Using (80), the optimal

W' must solve the problem

il M) =1 + (£25) iB(HW) = 1)

max
st. W' e W, w]

Ignoring multiplicative constants, the derivative of the objective function is

us LB W
1= 1B i Y

The concavity of the function H(W), implies that this derivative is negative for all W’/ €

H'(W') H'(
W, W—(l—ﬁB)W(H)].
The optimal choice of wealth is therefore W = W*(H.(W)).

In case c¢), the optimal choice of wealth maximizes the objective function:

B [P — 1) 4 553 (u) i [ W) ] i W7 € (W (HL(W)), W(H?))

i [ 1) + (£225) WB(H(W') = 1) i W7 € PYV(H), L=
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As shown in case a), this objective function is decreasing on [W*(H.(W)), W(H?®)), and, as shown

in case b), it is also decreasing on [W(H?), w]

. Given that the objective function is
continuous at W(H?), the optimal choice of wealth is W*(H.(W)).

We conclude that if the price constraint holds with equality at the optimal policies, then the
optimal policies are (W*(H.(W)), H.(W)). A necessary condition for this to be the solution is
that W > gW*(H) + (1 — B)W(H). Note for future reference that the payoff from this candidate
solution is V*(W).

Possibility ii). If the price constraint holds as an inequality at the optimal policies, then H' = H
and W — W' < (1 — 8)W(H'). This means that
W (- pwn)
B
The constraint that W’ > W*(H') requires that W/ > W*(H). The optimal choice of wealth

W’ >

therefore solves the problem

(=) [(1 = HYF+ 5O —u+ 5] + S(H) + W29 4 gy (W)
max
Wl

We claim that the solution is W,,(H) as defined in (33). Notice from (29) that the objective
function in this problem is equal to

W — W’

11— p) [P(H, W W) + L] + o [S(H) +—

1-p

Given that W enters as an additive constant and can have no impact on the solution, this is

+ ﬂV*(W’)} .

equivalent to an objective function

W*(H) — W’

1-p) [P(H, W', W*(H)) + L] + [S(H) + m

1-p5
From (33) and Fact A.2.7, we know that

v

W,,(H) :argr%x(l — ) [P(H, W' W*(H))+ T Qﬁ} +u [S(H) +

and that W,,(H) > W*(H). Thus, the solution is W,,(H) as claimed.

W (H) — W'
H

+ 6V*<W’)}

We conclude that if the price constraint holds as an inequality at the optimal policies, then
the optimal policies are (W,,(H), H). A necessary condition for this to be the solution is that
W < W, (H) + (1 — B)W(H). If this condition is not satisfied, then the price constraint cannot
hold as an inequality when the policies are (W, (H), H). The payoff from this candidate solution

is
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U

1-p

H

(1 — p) | POH, W, (H), W) + ] i {S(H) + + BV (W (H))

Which possibility arises? Having understood the two possibilities, we can now analyze which
one arises. A necessary condition for possibility ii) to be the solution is that W < W, (H) +
(1 — BYW(H). Furthermore, a necessary condition for possibility i) to be the solution is that
W > gW*(H) + (1 — B)W(H). Given that by Fact A.2.7, W, (H) > W*(H), we can conclude
that the solution is (W,,(H),H) if W < gW*(H) + (1 — 8)W(H) and (W*(H.(W)), H.(W)) if
W > W, (H)+(1—B)W(H). For values of W in the interval [SW*(H)+ (1—-8)W(H), BW,(H)+
(1 — BYW(H)) both possibilities are feasible. Thus, which possibility is optimal depends on a
comparison of the payoffs. We claim that:
(Wn(H),H) it W < W*(H)
(W', H') =
(W*(H.(W)),H.(W)) if W >W*(H)
Define the function ¢(W; H) on the interval [SW*(H)+(1—8)W(H), W, (H)+(1-B)W(H))

to be equal to the difference between the payoffs from the two candidate solutions; that is,

POV H) = V()1 [P W (00, ) 25 |- st + BT 4 v )

_4
1-p5
Condition (34) implies that (W*(H); H) = 0. Thus, it is sufficient to show that o(W; H) is

increasing in W. Differentiating, we have that

dp(W;H) _dV*(W) 1
aw dw  H

We know that W < W,,(H) and from (83) that

av (W (H) 1
dw H
Thus, it follows from the concavity of V*(W), that ¢(W; H) is increasing in W as required. [ |

Using Facts A.2.9 and A.2.10, it is clear that the residents want to follow the equilibrium policy
rules described in (25), (27), and (30).
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11.2.3 Verifying form of value function

It remains to verify that the value function as described by (31) and (80) satisfies (18). Suppose
first that (g,b, H) is such that W > W*(H). Then, we have that

(=) [P0+ 725 | B (LR ) = 70+ 8V 000, )

1-p5 H'(-
= (1-p) {C+ ﬁ] +h {S(HC(W)) L= BXZ%C(W))

; BV*(W*(HC(W)))}

= VW),

as required. Now suppose that (g,b, H) is such that W < W*(H). Then, using (34), we have that

(=) [P0+ 25| B (PO ) - 10+ v 000,10
= - [P+ 2 st + T v, i)
— (- |l w iy, we ) + ﬁ] +u {S(H) 4 WHH) ;fW"(H) + 6V*(Wn(H))]
W — W*(H)
+ H
= v + L)
as required. |
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12 Appendix 3: Proofs of Propositions 5, 6, and 7

12.1 Proof of Proposition 5

We begin by verifying the claims about housing, public good investment, and wealth. We first
claim that Wy exceeds W*(Hp). Remember that W*(H) is increasing. Our Assumptions imply
that Hy < H® < H(Wjy), so it is the case that W*(Hy) < W*(H?®) < W*(H(Wp)). Recall also
that W*(H) is equal to W(H) for housing levels larger than H*® which implies that W*(H(W;)) =
W(H(Wy)). Given that the function H(W) is the inverse of the function W(H), it follows that
W*(H(Wo)) = Wo.

Given that Wy exceeds W*(Hy), it follows from (25) that (g1, H1) = ((1-9)g°(H.(Wp)), H.(Wp)).
Next note that H.(Wy) = H(Wp). As shown in the proof of the Theorem (Fact A.2.1), if
W > W*(H) and H > H®, then H. (W) = H(W). But we know that Wy > W*(H?) and
hence H.(Wy) = H(Wy). Given this, we have that (g1, H1) = ((1 — §)g°(H(Wp)), H(Wy)) and,
from (27), that

(1 —0)g°(H(Wo)) — W*(H(Wo))> — W,
1+p '

Wi =cgi — (L4 p)br =cg1 — (14 p) (
This means that (Wl, Hl) = (Wo,H(W()))
Since W*(H(Wy)) = W, it follows from (25) that (g2, Ha) = ((1 — 0)g°(H.(Wy)), H.(Wh)).
As just argued, we have that H.(Wy) = H(Wp) and thus (g2, Ha) = ((1 — 0)g°(H(Wy)), H(W))
which in turn implies that Wo = Wj,. Repeated application of this argument implies that for all
t > 1, (Wi, Hy, gi) = (Wo, H(Wo), (1 — 6)g°(H(Wo)))-
Turning to what is happening to debt, from (27), we have that
c(1—6)g°(H(Wo)) —Wo  cgo —Wo
1+p 1+p
(1= 0)g°(H(Wo)) — cgo
1+p '

by —by =

Furthermore, for all ¢ > 2

c(1-38)g°(HWo)) —Wo  c(1 —6)g°(H(Wy)) — Wo
1+p 1+p

=0.

bt+1 - bt =

Thus, the value of outstanding debt increases by ¢ ((1 — 0)g°(H(Wy)) — go) in period 0 and then
remains constant. Finally, given that for all periods W; > W*(H,), (30) implies that the price of

housing is constant at the construction cost C. |
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12.2 Proof of Proposition 6

Recall first that our Assumptions imply that Hy < H®. Since Wy > W*(H), (25) and (27) tell us
that H; = H.(Wp) and Wy = W*(H;). Repeated application of (25) and (27) reveals that in each
period t beyond period 1, H; is equal to H.(W*(H;_1)) and W; is equal to W*(H;). As shown
in the proof of the Theorem (Fact A.2.6), the sequence of housing levels (H;),- , is increasing and
converges asymptotically to H®. This implies that new construction takes place in each period
and that the size of the community approaches H®. Given that the threshold wealth function
W*(-) is increasing and W*(H*®) = W(H?), this implies that wealth is increasing and converging
asymptotically to W(H?). Equation (25) tells us that in each period ¢t > 1, g, = (1 — 6)g°(Hy41)
implying that in each period ¢ the public good level enjoyed by the residents is g°(Hy11).
Regarding the value of outstanding debt, equation (27) implies that for all ¢

cgit+1 — Wipr  cge — W,

bir1 — by = _
t+1 — bt 1+ T,
Thus, since W41 > Wy, we have that
(14 p) (b1 — b)) = c(ger1 — gt) — Wi — W)

< c(gt1 — 9t),

as required. Equation (30) implies that the price of housing is equal to the construction cost in

each period. |

12.3 Proof of Proposition 7

Since Wy < W*(Hyp), (25) and (27) tell us that H; = Hy and Wy = W,,(Hp). As shown in the
proof of the Theorem (Fact A.2.7), the fact that Hy < H*, implies that W,,(Hy) > W*(Hp) and
that P(Ho, W,,(Hyp), Wy) < C. If W, (Hy) < W(H?®), we can set Wy = W, (Hp) and reapply
the arguments made to establish Proposition 6. If W,,(Hy) = W(H?), then we can reapply the

arguments made in the proof of Proposition 5. |
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13 Appendix 4: Numerical Analysis

In this Appendix we investigate the existence of equilibrium in our model using numerical meth-
ods. We first describe our parametrization strategy, and in particular, the set of parameters over
which our investigation is conducted. We then describe our method for checking Assumptions 1-2,

constructing equilibrium objects, and analyzing whether these objects have the required properties.
13.0.1 Parameters

To start we need to specify the public good benefit function. We assume that it is a power
function: B(x) = Box? /o, where o is positive but less than one. With this assumption, there are

ten parameters in our model:

B 6 c u 0 pu o a By C

4 01 1 0 1 (0,1) (0,1) [o,1] 7 7

Parameters $ and § are commonly used in the literature and we set them accordingly. In
particular, we set the discount rate 8 equal to 1/1.06 and the depreciation rate of the public good
6 equal to 0.1.

Parameters ¢, u, and § can be normalized. We set them equal to 1, 0, and 1, respectively. To see

that the cost of the public good ¢ can be normalized note that the optimized public good surplus

g _
1—0o

function defined in (5) can be written as S(H) = so - H*! where 5o = =2 B, {ﬁm} and
s1=(1-a) 172 Thus, while ¢ influences the level of surplus obtained from any given housing
stock, any change in ¢ can be mimicked by an appropriate change in the benefit function parameter
By. The utility households obtain from living outside the community u can be normalized, because
it does not play an independent role. It is both intuitive and straightforward to verify that what
matters is u + (1 — §)C. Thus, any change in u can be mimicked by an appropriate change in
the housing price C. Finally, to see that the upper bound on the preference distribution 6 can be
normalized, take a given parameterization incorporating the normalizations to parameters ¢ and u.
Consider now a different parameterization that keeps all parameters unchanged except 6 is set to
one, By is adjusted so that sq is divided by , and C is divided by 6. Such a parameterization will
generate a model that is isomorphic to the original model: all value functions, prices and wealth
levels will equal their respective original values divided by 6.

This leaves five parameters: pu, o, o, By, and C. The first three range between 0 and 1 and

have simple interpretations: p reflects population turnover; o the concavity of public good benefits;
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and « the congestibility of the public good. Accordingly, it is easy to specify a priori a range of
plausible values for these parameters. This is not the case for the remaining two parameters By
and C. The way we deal with this pair is to note that, given the rest of the parameters, they
determine the values of H® and H°. Recall that H? is the socially optimal housing level and H*®
is the steady state level under the wealth accumulation path. We know that both these housing
levels lie between 0 and 1 and that H* is less than H°. Accordingly, our approach is to specify H*®
and H? directly along with the other parameter values and then check to see whether there are
underlying values By and C which generate these housing levels.

In sum, we have five fixed parameters (3, d, ¢, u, #) and five parameters which vary (u, o, o, By, C).
For the variable parameters, we let p take ten values: from 0.90 to 0.99 with an increment of 0.01;
o take nine values: from 0.1 to 0.9 with an increment of 0.1; and « take eleven values from 0 to
1 with an increment of 0.1. Finally, for a given set of values for u, o, and «, we entertain eighty
one possible pairs of (B, C') that correspond to eighty one pairs of (H®, H°). To get these eighty
one pairs, we allow H? to vary from 0.1 to 0.9 with an increment of 0.1 and, for each such H°, we
consider nine values of H* of the form H® = rH®°, where r varies from 0.1 to 0.9.

In total, we have 10 - 11-9-9 -9 = 80190 different parameterizations. For each of these

parameterizations, we implement the numerical procedure described below. We find that:

1. In 37.4% of the cases there does not exist a pair of parameters (By, C) in the feasible range

(i.e., ?}%3_) that, given the other parameters, generate the specified values of H* and H°.
2. In 37.6% of the cases there does not exist an Hy for which Assumptions 1-2 are satisfied.

3. In 24.8% (19854) of the cases there exists a non-empty interval [H, H®) such that Assumptions
1-2 are satisfied for any Hy € [H, H®). Moreover, for all Hy € [H, H®), there exists an

equilibrium threshold wealth function.

4. In 1.3% (1024) of the cases there exists a non-empty interval [H, H*) such that Assumptions
1-2 are satisfied for any Hy € [H, H®). Moreover, there exists He (H, H?) such that for all

Hy € [H, H*), there exists an equilibrium threshold wealth function.

Summarizing these findings, we have 20878 different parameterizations under which there exist
an interval of initial housing levels Hy that satisfy Assumptions 1-2. These are the relevant para-
meterizations for our purposes. The key point to note is that for 19854 of these, there exists an
equilibrium threshold wealth function for any of the initial housing levels Hy that satisfy Assump-

tions 1-2. Thus, for over 95% of the parameterizations satisfying our assumptions, existence of an
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equilibrium threshold wealth function is not problematic. In the remaining 1024 cases, there exists
an equilibrium threshold wealth function for only some of the initial housing levels Hy that satisfy
Assumptions 1-2. For a range of initial housing levels, an equilibrium threshold wealth function
does not exist.

The overwhelming majority of these problematic cases feature high p. In fact, 880 of the 1024
cases have = 0.99.37  We have investigated what is going on in a handful of randomly picked
cases in this category. In all these cases, there does exist an equilibrium. Moreover, it involves a
threshold wealth function W* and is described by £(W*). However, the threshold wealth function
does not belong to the set ¥ and, moreover, the associated function V*(W) is not concave.?®

Figure 2 illustrates one of these problematic cases. The associated values of the parameters
(1, 0,c) are (0.99,0.5,1). The values of (By,C) are chosen to generate a (H®, H°) pair equal
to (0.05,0.1). Panel A illustrates the threshold wealth function W*(H) along with the function
W(H). Notice that W*(H) is kinked at housing level 0.037 and is not differentiable. Moreover, as
illustrated, at housing level 0.037, W*(H) is equal to W(H), as opposed to exceeding it. Panel B
illustrates the associated V*(W) function. Between wealth levels 0.0036 and 0.008, the function is
not concave. Panel C illustrates the function W,,(H) along with the function W*(H). Notice that
at housing level 0.037, W,,(H) is equal to W*(H) and hence equal to W(H).

What is happening in this equilibrium is that at housing level 0.037, if the community is
endowed with wealth W(H), the residents are not willing to build wealth to attract new residents.
This is the case despite the fact that the housing level is less than H®. Recall that, when we
introduced it in Section 6.2, we stated that H® was the smallest housing level such that, if the
community is endowed with wealth W(H), it will never choose to build wealth to attract new
residents. However, this was under the assumption that increasing wealth by € will simply increase
the future housing level to H(W/(H)+¢€) and future wealth to W(H)+e. At housing level 0.037, the
future consequences of increasing wealth marginally are much more complicated and determined
by the behavior of the threshold wealth function W*(H) between 0.037 and H*®. Evidently, these
consequences are less advantageous to current residents than simply increasing the future housing

level to H(W(H) + ¢) and future wealth to W(H) + €. The value of these changes is reflected in

37 Another noteworthy pattern is that the problematic cases happen mostly for values of r (the ratio of H® to H®)
in the medium-high range. There are 444 cases with » = 0.7; 182 cases with » = 0.6; and 105 cases with » = 0.5.
However, there are only 48 cases for r = 0.8. Exactly why r matters is unclear.

38 Because the concavity of V*(W) is lost, we cannot use the Theorem to conclude that the candidate equilibrium
E(W™*) associated with W* is indeed an equilibrium. Instead, we rely on numerical methods to confirm that £(W*)
is indeed an equilbrium.
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Figure 2: A problematic case
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the derivative of the value function at wealth level W(0.037). At the kink, it must be the case that
limy w0.037) udV*(W)/dW is less than 1/0.037.

Substantively, the evolution of the community in this equilibrium differs from that described in
Propositions 6 and 7. If the community’s initial wealth Wy is less than W(0.037) it will converge
asymptotically to (W(0.037),0.037) as opposed to (W(H?), H®). Qualitatively, the way in which
the community develops remains the same, it is just that it approaches a different point. This point
involves less development, so the extent to which the community will be undersized is enhanced.
It should be noted, however, that the steady state (/(0.037),0.037) is not stable: any positive

wealth shock will result in the community converging to (W(H?#), H®).

13.1 Numerical Procedure

For a given set of parameters values we take a 100000 point uniform grid over [0, 1]. We find the
smallest point H at which Assumptions 1 and 2 are satisfied. If such a point does not exist, we
stop. Otherwise, we search for the smallest Hy greater or equal to H for which an equilibrium
threshold wealth function can be shown to exist. If this smallest Hy is equal to H then, for these
parameter values, an equilibrium threshold wealth function exists whenever the Assumptions are

satisfied.
13.1.1 Constructing equilibrium

Showing that an equilibrium threshold wealth function exists for a given set of parameter values
and initial conditions (Hp, Wp) amounts to showing that we can construct an increasing function
W*(H) on [Hy, H®] such that: i) W*(H) > W(H) for all H € [Hy, H®); ii) W*(H®) = W(H?®);
iii) the resulting V*(W) is increasing and concave; and iv) the indifference condition is satisfied.
Two notes are in order. Rather than constructing function W*(H) directly it is more convenient
to obtain it indirectly by constructing its inverse function, H*(W). This naturally implies that
lower bound on W’s, W, for which the function H*(W) should be constructed must be such that
H*(W) < Hp.

We assume and ex-post confirm that V*(WW) is kinked at W(H?). This implies, as shown in
Fact A.4.1 below, that W,(H) = W(H?) on [H*-S=2L_ H%). We use this fact in the first leg of

u(1—pp)’

our procedure.

Leg 1. We start by constructing the equilibrium objects in the neighborhood of the steady

state (W(H?®), H®). We rely on knowledge of limyy () dV*V(VW) (established in the proof of
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Fact A.4.1 below) to construct an approximation to the function V*(W) in this neighborhood. In
particular:

1. For H close to H®, W = W*(H) should be close to W(H?*). Consider interval [W;, W(H?®)],
where W; = W(H?®)(1 — €) and ¢ is set to be small: specifically, e = 5 - 1074,

2. Take a twenty one point uniform grid on [W;, W(H?)]. Call this grid W;. For each point on

the grid, approximate function V*(W) using its first order Taylor expansion at W(H?®) :

W) 4 yyaey),

* _ * Hs
VW) = VIOV + |l o

where limyy -y (prs) dV;V(VW) is as computed in the proof of Fact A.4.1 below.

3. For each W € W construct H *(W) as the solution to the following indifference condition:
VW) = P(H* (W), W(H?), W) + b (H* (W) — 1) + uB(V*(W(H")) - C).

If for any W, H*(W) is lower than H® ug:i)ﬁ)’ reset £ to a smaller number, e.g. ¢ = £/2, and

repeat Steps 2-3.
4.

o Verify that H*(W) is increasing, that H*(W) > H(W), and that V*(WW) is increasing and
concave on [W;, W(H?#)]. To do this, check that for any point A on W

(1+e)H"(A) > H(A);
check that for any two adjacent points on WI, A< B,
(1+ QH*(B) > H*(A) and (1 + OV*(B) > V*(A);
and check that for any three adjacent points on Wb A< B<C,
(1+e)V*(B) > aV*(A) + (1 —a)V*(C),

where o = % and € = 107%. A small € is necessary to avoid interpreting numerical error

in evaluating V' when (a) it is near linear and (b) grid points are too close to each other, as a
failure of concavity. We now have constructed H*(W) on the interval [W;, W(H?)]. Observe
that, by construction, we have that H*(W(H?®)) = H® and that the indifference condition
(34) is satisfied for all W’s on the grid.

e If not, find W € [Wr, W?] such that the four conditions above are satisfied on [W, W(H?)]
and stop. Equilibrium exists for all Hy > max(H* (W), H).
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It is important to note here that we have built the equilibrium objects only on our grid. In what
follows, when necessary, to construct either H* or V* at any other point on [W;, W (H?*)] we will

use a shape preserving (cubic Hermite) interpolant of the relevant function.

Leg 2. We now extend our construct to the left using the knowledge of H*(W) and V*(W)
on W;. The idea is to build H*(W) and V*(W) at wealth levels for which we know H.(W) and
W* (H.(W)). Clearly, the lowest value of wealth for which this can be done is the wealth level for
which H.(W) = H*(W7). Call that point Wy;. Consider now interval [W;r, W;]. By construction,
we have that

1. For each Wy € W, \W(H?) find Wy = Wy(W;) (this is an abuse of notation, but we do so

to avoid adding more notation) such that
P(H*(Wy), Wi, Ws) =C.

Note that Wi = W (W;y). Call this collection of points Wi;. If all elements of Wi < W; proceed
to the next step. Otherwise, return to Leg 1, set € = £/2 and proceed.

2. For each W5 € WI 7 construct function V*(W) as follows:
VE(W2) = C+ pf(H*(Wh) — 1) + pB(V*(W1) — C).

where W7 is such that Wy = Wa(W7).
3. For each Wy € Wy; construct function H*(W) as the solution to the following indifference
condition:
P(H, Wy, Wa)) + pb(H — 1) + pB(V(W,) - C)
V*(W2) = max

Wy >W
s.t. P(H,W,,W3) <C

where W1 is such that Wy = Wy (W) and V(W,,) is a shape preserving (cubic Hermite) interpolant
of V¥(W) on [Wy, W(H?*)].3°

The indifference condition above differs from the one in (34) because of the constraint that
W, > Wi. This is without loss of generality because, as shown in Fact A.4.3 below, all wealth
levels W,,, for which the inequality P(H, W,,, W5) < C holds, will necessarily be larger than W;.

39 Again, we use interpolant here because we have only constructed V* at the grid points, but the search for W,,
is over the entire interval (W1, W(H?)].
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Indeed, Fact A.4.3 states that W*(H.(W*(H))) < W, (H), and hence that Wy = W*(H.(W2))
should be less than W, (H*(W2)).
4.

e Verify that H*(W) is increasing, that H*(W) > H(W), and that V(W) is increasing and
concave on [Wyr, W(H?)]. To do this, check that for any point A on Wi UW;

(1+e)H"(A) > H(A);
check that for any two adjacent points on Wi U WI, A< B,
(1+e)H*(B)> H*(A) and (1+¢e)V*(B) > V*(A);
and check that for any three adjacent points on WH U WI, A< B<C,
(14+e)VH(B) > aV*(A) + (1 —a)V*(C),

_ B-A _ —4
where o = =5 and ¢ = 107",

Note that by construction we have that H*(W(H?®)) = H® and that the indifference condition
(34) is satisfied for all W’s on the grid.

e If not, find W € [Wyr, W] such that the four conditions above are satisfied on [W, W*] and
stop. Equilibrium exists for all Hy > max(H*(W), H).

Leg 3. We now extend our construct to the left using the knowledge of H*(W) and V*(W)
on W;; UWy. The idea again is to build H*(W) and V*(W) at wealth levels for which we know
H.(W) and W.(W). Clearly, the lowest value of wealth for which this can be done is the wealth
level for which H.(W) = H*(Wy). Call that point W;;;. By construction, we have that

PH* (Wir), Wi, W) =C.
1. For each Wy € Wy; find Ws5(W3) such that
P(H*(Wy), Wa, Ws) = C.

Note that Wi = W3 (Wy). Call this collection of points Wirr.

2. For each W3 € WI 77 construct function V*(W) as follows:
V*(W3) = C + pf(H*(W2) — 1) + pB(V*(Wa) — C).
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where Wy is such that W3 = W3(Ws).
3. For each W3 € WI 11 construct function H*(W) as the solution to the following indifference

condition:

V*(W3) = nax
e s.t. P(H, Wy, W3) < C

where WS is such that W3 = Ws(Ws) and V(W,,) is a shape preserving (cubic Hermite) interpolant
of V*(W) on [Wir, W(H?)].

Note here that we do not require that the wealth levels in W] 11 are less than Wy, Even if
an element of V_[}}H is larger than Wy, we keep it, as it provides an additional point where we
constructed the values of V* and H*. This implies there is an asymmetry between Leg 2 and Leg
3 because in Leg 2 we required all wealth levels in W] 1 to be less than W;. The reason for this
asymmetry is to ensure that the initial range [W, W(H?)] where we use the Taylor approximation
to construct V*and hence, H*, is small relative to the “length of the step” between the values of

W in successive Legs.

4.

o Verify that H*(W) is increasing, that H*(W) > H(W), and that V(W) is increasing and
concave on [Wyrr, W(H?#)]. To do this, check that for any point A on Wit UW UW;

(14+e)H*(A) > H(A);
check that for any two adjacent points on WIII U WH U WI, A< B,
(1+ QH*(B) > H*(A) and (1 + OV*(B) > V*(A);
and check that for any three adjacent points on WIH U V_[}II U WI, A< B<C,
(1+eV*(B) 2 aV*(A) + (1 — a)V*(C),

where o = 2=4 and ¢ = 107%.
Note that by construction we have that H*(W (H?)) = H® and that the indifference condition

(34) is satisfied for all W’s on the grid.

e If not, find W € [Wyrr, Wy] such that the four conditions above are satisfied on [W, W]
and stop. Equilibrium exists for all Hy > max(H*(W), H).

Leg 4. etc... Repeat the previous leg as long as H*(Wy ;) > H
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13.1.2 Facts for the Numerical Procedure

Fact A.4.1. Suppose that Assumptions 1-2 are satisfied. Let W™ be an equilibrium threshold wealth
function and let E(W*) be the associated equilibrium. Suppose that the function V*(W) defined in

(32) has a kink at W(H?). Then, if Hy < H® NS:%), it must be the case that W,,(Hy) < W(H?).

Moreover, for oll H € [H® #8:%),}[‘9]; W, (H) = W(H?).

Proof of Fact A.4.1. From the proof of the Theorem (see, in particular, the discussion following

Fact A.2.7) we know that W, (H) must either satisfy the first order condition

RallUAtIN )
or equal W(H?) if it is the case that
lim ;LM > i
W W(H?) dw H
To prove the first statement, we show that if Hy < H® NE}:%)
V(W) < i (90)

w /1%}\2}[) H AW Hy
To establish this, we make use of three preliminary results.
Claim A.4.1. If V*(W) has a kink at W(H?), it must be the case that W,,(H) = W(H?®) on some
interval [H, H®], H € [Ho, H®].
Proof of Claim A.4.1. If V*(W) kinks at W(H?), then we have that

T L A0 L0 N S
wowiae t T dw s~ owowms ! aw . ' S

By continuity, for H’s smaller than but close to H® we have
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implying that W, (H) = W(H?®) on some interval [H, H®]. [ ]

Claim A.4.2. Assuming that W, (H) = W(H?®) on some interval [H, H?], the left derivative of
the function w(W) = W*(H.(W)) at W(H?®) is
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Proof of Claim A.4.2. Note from Fact A.4.2 below that, since W,,(H) = W(H?) on the interval

W' (W) =

lim
W,/ W(H?)

[H, H?], it follows that

F(W(W(W)),W(W), W) =0, (91)



where the function F' is defined below. Differentiating (91) with respect to W, we obtain

Fiw@W)),w(W), W) (W) (W) + Fa(w(w(W)), w(W), W)w' (W)
+F3(w(w(W)),w(W), W) = 0.

Using the fact that w(W(H?®)) = W(H?), we have that
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where F; is the partial derivative evaluated at (W(H?®), W(H?®), W(H?®)).

We know from the discussion prior to Fact A.4.2 that
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Thus, (92) simplifies to
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Claim A.4.3. Assuming that W, (H) = W(H®) on some interval [H, H®], the left derivative of
the function V*(W) at W(H?) is
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Proof of Claim A.4.3. For W € [W*(H), W(H?)], we have that
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Differentiating, taking the limit as W 7~ W(H?®), and using the fact that w(W(H?®)) = W(H?),

we have that
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It follows from this equation that
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It follows from Claim A.4.2 that
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Given Claim A.4.3, to establish (90), we therefore need to show that
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We know from the definition of H* that
L (n )\ dHOVEY)
s - \1—u8) " aw
This implies that
AHOVUH) _ 1=
aw u20Hs
and hence that*°
gL dHOV(HY) _ p (1= )
1-p dw Hs(1-p3)"
Thus, since
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as required.

For the second statement, note that following the same argument used to establish (90), if

H > H? #8:%), then it must be the case that
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This implies that for such H, W,,(H) = W(H?®). R

Our next result concerns the function F' (W5, Wa, W3) which is defined as follows:
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This function is well defined and differentiable on the domain [W(H?*)—e, W(H?)]? for € sufficiently

small. Moreover, the functions’ partial derivatives are
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Letting F; = F;(W(H?®), W(H?®),W(H?)) and using the fact that
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these expressions imply that
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and that

e () (1)

Fact A.4.2. Suppose that Assumptions 1-2 are satisfied. Let W™ be an equilibrium threshold wealth
function and let E(W*) be the associated equilibrium. Suppose that the function V*(W) defined
in (82) has a kink at W(H?®) and that on the interval [H, H®] we have that W, (H) = W(H?).
Define the sequence (W (W)),2, inductively by Wo = W and W, = W*(H.(W;_1))). Then, if
W e [W*(H),W(H?)], it is the case that for all t > 1

F(Wosr (W), We(W), Wy_1 (W) = 0.

Proof of Fact A.4.2. For all ¢, the indifference condition implies that
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where H; = H.(W;_1). Moreover, from the definition of V*(W;(W)) in (32), we have that
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It follows that for all ¢, it must be the case that
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Moreover, we know that both P(H;, W, (W), W,_1(W)) and P(Hyt1, Wip1(W), W (W)) are equal
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to C and so we can write this equality as
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Using the pricing equation (29), we can rewrite this equality as
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This implies that
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as required. |

Fact A.4.3. Suppose that Assumptions 1-2 are satisfied. Let W* be an equilibrium threshold
wealth function and let E(W™*) be the associated equilibrium. Then, if H € [Ho, H®), it is the case
that

W*(Ho (W (H))) < Wy (H).

Proof of Fact A.4.3. We begin by showing that
P(H,W*(H.(W*(H))), W*(H)) > C. (97)

Note that since P(H.(W), W*(H.(W)),W)=C, H < H.(W*(H)), and P is a continuous function,

it is sufficient to show that
OP(H, W', W)

By <0

at any solution of the equation P(H, W', W) = C. Indeed, if the above inequality holds, for any
W’ and W, there cannot be more than one level of the housing stock at which P(H, W', W) = C.

To prove the inequality note from (29), that

OP(H,W' W) = , (W — W)
—om S
Moreover, at a solution
W — W)

= [0 H)+ S (H) - C(1— ) ~u].
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Thus, at a solution

OPHW, W) = [(1—H)8+ S (H) - C(1 = B) — 4]
i —0+S'(H) + Vi
- C1l—B)+u—(1-2H)— HS'(H)— S(H)
- - 7 |
_ u+HO— ((1-H)+S(H)+HS'(H)—C(1- 7)) 0
= — 17 < 0.

where the last inequality follows from Assumptions 1(i) and 2.

By definition, we know that
P(H,Wy(H),W"(H)) < C.

Thus, given (97), W, (H) must be larger than W*(H.(W*(H))) as required. |
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