A Appendix for Section 2

Proof of Proposition 1.

Condition (i):

Without loss of generality, write the preferences of the representative consumer as
u*(cy,...,en, Ly, -+, Lp,L*) = D(¢)L*v((1 — L) /L").

Define v*(L,L*) = L*v((1 — L)/L*) and note that v* is constant returns to scale. Hence, U* is
a product of two homothetic functions, it is itself homothetic. Since preferences are ordinal, we
can assume, without loss of generality, that U* is constant-returns-to-scale, and has associated
with it an ideal price index P« (p, w, w*) where p is the price of goods, w is the price of factors,
and w* is the price of L* (in fixed supply).

By the first welfare theorem, and Hulten’s theorem, we have

dlogU™ _  piyi
dlogA;  PU*
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:AZ,

for all i. Hence, by Young’s theorem, we have

dAy  dAf
dlogA;  dlogA;’

Denote the Domar weight of i by

PiYi
A =
1 CCI

and note that A; = A7 (P,«U*/P.C). Then we have

dA;  Ar dA; | dlog(PC/PU)
dlogA;  A;dlogA; dlog A;

_ PC d

~ P,Udlog A; o

where the second line follows from the fact that the elasticity of substitution between D and v*
is 1. Similarly,
AN Ay
dlogA; /\_jdlogAi

+0.
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Hence,
A dA A doy
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or
dlogA;  dlogA;’

Condition (ii):

This can be derived as an immediate consequence of Proposition 6. It can also be proved
from first-principles by observing that

dlogY/dlogA; =dlog TFP/dlog A; +dlogL/dlogA; = A; +dlogL/ dlogA;,

where the second equation follows from Hulten’s theorem, and the fact that labor’s share of

income is always one. The symmetry of partial derivatives then implies

d

d

Aslong as L is a continuously differentiable function of A, this implies

d/\l’ . d/\j
dlogA;  dlogA;’

B Appendix for Section 3

Input Shares, Input Expenditures, and Input Quantities

Using Propositions 3 and 4 as well as Corollary 1, it is easy to derive the elasticities of input
shares, expenditures and quantities of the different producers to the different productivities.
These results can actually be derived by relabeling the network to treat the sales of good I to

producer i as going through a new fictitious producer specific to i and .

Corollary 2. (Input Shares, Input Expenditures, and Input Quantities) The elasticities of input expen-
ditures and input quantities of the different producers to the different productivities are given by

dlogA;  dlogA; A ‘ Aia dlog Ag
dlog Ay dlogAk+)\il (6: = 1)Covnn (¥ 1y, L)) = A x, 0~ Covqn Z‘T 8)dlog Ay’ )

il
(29)
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dlogpxy; dlogA;  dlogY
dlog Ay ~ dlogA; dlogA;’

(30)

dlogx; _ dlogpx; dlogp
dlog Ay  dlogA;, dlogA;’

(31)

where dlog A;/ dlog Ay, dlog Y/ dlog Ay, and dlog p;/ d log Ay are given in Propositions 3 and 4,
and I () is the Ith column of the identity matrix. These formulas can be applied to factors to characterize
the elasticities of the expenditures on factors and factor quantities of the different producers by treating
factors as producers of non-reproducible goods using | = f and replacing p; by wy, y; by L, and A;; by
A, f-

These results can actually easily be derived by relabeling the network to treat the sales of
good [ to producer i as going through a new fictitious producer specific to i and /.

B.1 Example: Intermediate Labor Reallocation

Imagine a very simple example where labor comes in two forms: producer-specific quasi-fixed
labor F; which cannot be reallocated across producers, and general labor M which can be reallo-
cated. Assume that these two forms of labor enter into production according to a Cobb-Douglas
aggregate with shares 1 — S for fixed labor and B for general labor. We then get

dlogYy
dlogA, ' *
dlogA; (0—1) G — Ayl dlog Ay 0
dlogAy 1+(0—-1)1—p) "% "8 dlogA,
dlog p; Y (1-pB)(0—1) A 1 dlogwym _
dlog Ay ik 1+(6—-1)(1—p) M+ O-1D1—-p) dlogA, %
dlogpiy; (6—1) o dlogwyM
dlog Ay _Ak+1+(9—1)(1—/3) O = M dlog Ay =M
dlogy; p(o—1) 1 (6 1B
=011 —A ,
dlog A lk{ +1-1—(0—1)(1—,3) T+ 6-1)(1-pB)
dlogM; (0—1) (Gs — M),

dlogAy  1+(0—1)(1-p)

B.2 Example: Roundabout Economy

In the roundabout economy, the gross output y; of the single producer is split between its use

in final demand c; and its use as an intermediate input x;. Aggregate outputis Y = c¢;. We
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have

dlogYy
dlog A; b
dlog Aq dlogAp
dlog Aq (6 -1 =), dlogA; 7
dlog p1 dlogw; A
dlog Ay dlog Aq L
dlogpiy1 B B dlogw;L;
dlog A, At (=11 = M), dlog A, M,
dlogy1 . B _ leng
dlog A, ~ T @D =) o7

In this economy, the impact of a positive productivity shock dlog A; > 0 on output is
A dlog A1 > dlog A; in accordance with Hulten’s theorem. The price of producer 1 stays
unchanged. When 6 > 1 its share increases and its gross output increases by more than by
more than A; dlog Aj. These patterns are reversed when 6 < 1.

C Appendix for Section 4
For the example in Figure 2, applying Proposition 5, we get

dlogA;

idlogAj - _cezc(a
1 [ Eeeelo = Dbl = By (wim)]| | Eeee (o = Dixebejlewjss — By (wi)]]
AnAL 1+ e Yeee (0 = DxeVary, (@) — Lk wrn (bix — box)

(b1 = b2) | Eece (o = Dixebylwjer — Es (i)
1+ 5 Yeee (0 — DxeVary, (W) — Lk wrn (bix — bar)”

The first two terms on the right-hand side are symmetric for the impact of a shock to j on i and
for a shock to i on j, but the third term is not: it is zero for the impact of a shock to j on i if
b1; = by; but it is nonzero for the impact of a shock to i on j if byj # by; and if sector j’s exposure
to high-skilled labor is different from the average wjy # Ep, (w g )-
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D Appendix for Section 5

Input Shares, Input Expenditures, and Input Quantities

Using Propositions 6 and 7, it is easy to derive the elasticities of input shares, expenditures and
quantities of the different producers to the different productivities. As in the case of inelastic
factor supplies, these results can actually easily be derived by relabeling the network to treat
the sales of good I to producer i as going through a new fictitious producer specific to i and [.
In fact, equations (29), (30), and (31) in Corollary 2 still apply. The only difference is that now
dlogA;/ dlog Ay, dlog Y/ dlog Ay, and dlog p;/ dlog Ay must be taken from Propositions 6
and 7 instead of Propositions 3 and 4.

Aggregate Technology Shocks in the Brock-Mirman RBC Model

We provide an example which illustrates how to apply our framework inter-temporally and
dynamically. We consider a simple case of the Real Business Cycle (RBC) model, and show
how capital accumulation, which propagates productivity shocks and generates positive co-
movement in quantities, can be seen as a particular case of positive comovement driven by
intermediate goods.

We consider the Brock-Mirman parametrization of the neoclassical growth model which
can be solved in closed form. There is a representative agent with log-balanced-growth per-
period preferences logc; — v(1+( L_l)LEHgZ ) , and discount factor B < 1. There is an aggregate
per-period production function y; = A;K¥L;~* with initial capital stock K,. Capital fully de-
preciates in every period.

The solution is well known. The equilibrium conditions for this economy are

Y = AtK?Ltl_“, yr = ¢t + Ky,

-1
Gl _ (xytH thgL ct = (1—0()%

Ly

4
Ct Ky

It is easily verified that the solution features constant labor
Li=L, c=cy, Kipi=1—-0)ys

with L = [(1 — &)/ (vc)]ét/0+8) and ¢ = 1 — B

We imagine that the economy is at a steady state with A; = 1 for all t. Att = 0, a one-time
unanticipated shock hits the economy in the form of a new path for productivity. We know
that output solves the difference equation y;11 = A;y1(Bay:)*L1 ™% Hence we get positive
comovement through intermediate inputs via capital accumulation.

We can capture these properties using our formalism. We index goods by time t =0, - - - , 00
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and we treat capital as an intermediate input. The factors are labor L; in the different periods
and the initial capital stock Ko = K. The production function of the good produced in period ¢
is a Cobb-Douglas aggregate of labor and of the good produced in period t — 1.

The input-output matrix is given by ()1, =1 —wand Q4 1), = a forall t > 0, Qok, = a,
and all the other entries are 0. We have Ag, = (1 —B)a/(1 —pa), A, = (1—B)B (1 —a)/(1 -
Ba), Ay = B'(1—B)/(1 — Bua), and ¢ = 1. Applying our formulas is straightforward since all
the elasticities of substitution are unitary: because of log utility over consumption and because
of the assumption of a Cobb-Douglas per-period production function with full depreciation.
We get

dlogYy
dlog A; b
dlogAs dlog Ar, _0 dlogAg, 0
dlogA; ' dlogA; ~ dlogA:r
dlog ps st dlogwy, dlog wg,
= — 1 — 2 5 = — = = =
dlog A; © iy A dlog A; ' dlog A v
dlog(psys) _ A dlog(wr,Ls) _ A dlog(wk,Ko) 3
leg Ay b dlog A tr dlog A tr
dlogys _ e dlogLs _ 0 dlogKo _
dlog A; {t=sh dlogA; ~ 7 dlog A

We confirm the property of positive comovement through intermediate inputs via capital
accumulation that we noted in the closed-form solution. This approach also provides a new
and useful intuition for why the Brock-Mirman case is so tractable. Indeed, to capture capital
as an intermediate good when there is less than full depreciation, we need to model the pro-
duction function of producer t as a Cobb-Douglas aggregate of labor and a CES aggregate of all
the goods in period s < t — 1 with an infinite elasticity of substitution.?® Because some elastic-
ities of substitution are not unitary (since they are infinite), the solution is more complex, even
to the first order, and requires solving an infinite-dimensional linear system of equations, i.e.
a set of difference equations.?” The Brock-Mirman case trivializes these complications because

all the elasticities of substitution are unitary.

Analysis of the Steady-State of the Ramsey Model with Capital

We find
dlogY  Ax dlogAp

legAk N AL legAk’

26The input-output matrix is given by Q;, = 1 —a, Qux, = a(Bv)!, Qs = a(Bv)!"175/(1 — pv) for all
s <t —1, and all the other entries given by 0.

Z’Moreover, the inter-temporal elasticity of substitution could also be non-unitary, adding further complica-
tions.
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dlogA;

dlog Ay (0 —1) (i — Ax) + (6 — 1)A—L(wi1< — Ax),
legAK . _ﬂlegAL
legAk N AK legAk’

Vi A
dlogAp Ay —(0—=1)(wk — Ax) — (0 - 1)% — Ok — 1) ¥j wixwit
dlog Ay~ Ar Ak ’

08 2k k 1—(0ke — 1) L RE AL wjLwik
dlog p; ' A dlogrg dlogw;  Ag
dlog Ay~ CKTOLR Y Jloga, ~ Y dlog Ay AL’
dlogpiy; ’ Ak, Ay dlogAr
dlogrgkK _ Ay 1 dlogAp  dlogwiL _ Ay
legAk N AL AK legAk/ legAk N AL,
dlogyi _ 5 ‘ Ak . ' )\k legAL

dlogK Ay 1 dlogAp dlog L

dlog Ay AL AxdlogA,’ dlogA, 0

Consider the response of the economy to a positive productivity shock d log Ay to producer
k. The labor share stays constant if the elasticity of substitution across producers is 8 = 1 or if
the factor intensity of all producers are the same, and if the elasticities of substitution between
capital and labor of all producers is 0g; = 1.

Consider first the case where 6§ = 0x; = 1. The supply of capital increases by A/ Ar dlog Ay,
and this creates the following differences with the case where factor supplies are inelastic and
factor intensities are homogenous analyzed in Section 3.3. Output increases by Ay /A dlog Ay =
Ardlog Ay + AxdlogK > Ardlog Ag. The real wage increases by Ax/Ar dlog Ax. This in-
crease in the real wage is reflected into the prices of the different producers according to their
labor intensities via w; A/ A dlog Ag. The sales of the different producers and the total fac-
tor payments increase by Ax/Ar dlog Ax. The output of the different producers increases in
proportion to their capital intensity w;xAx/Ar.

Now consider the case where 6x; = 1 but producers are substitutes with 8 > 1 (the effects
below are reversed when producers are complements with 6 < 1). If producer k is sufficiently
more capital intensive than average so that wyx > Ag, then the labor share decreases, which
has the following effects, over and above (1) the effects identified when 6 = 6; = 1 and (2) the
effects arising when factor supplies are inelastic and factor intensities are homogenous, a case

isomorphic to the one-inelastic-factor case analyzed in Section 3.3. It magnifies the effect on
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aggregate output since producer k relies more on capital and hence expands more. It magnifies
the increase in the capital stock. It does not change the real wage because the average increase
in capital intensity exactly offsets the increase in the capital stock. It increases the sales of all
producers, but more so for producers that are more capital intensive than average. It increases
the output of all producers, but more so for producers that are more capital intensive than
average.

Finally, consider what happens when capital and labor are complements in the production
function of producers so that fx; < 1 (the effects are reversed when capital and labor are sub-
stitutes in production with 0x;, > 1. It is important to note that the 6x; matter only to the extent
that it modifies the change dlog A1 in how the labor share responds to the shock d log Ay: be-
cause the shock increases the real wage and because 0x; < 1, the labor share increases for all
producers, and this effect mitigates the decrease in the labor share. All the other expressions
remain unchanged as a function of the change in the labor share. For example, the increase in
aggregate output is mitigated, etc.

Overall, a rich pattern of comovement emerges. Like above, this model introduces a force
for positive comovement via elastic capital supply. It can generate positive comovement not

only in output and sales, but also in capital.

E Appendix for Section 6

E.1 Comparative Statics Results: Shocks to Markups/Wedges

In inefficient economies, it is also interesting to characterize the propagation of shocks to markups/wedges

Aggregate Output and Shares

The following proposition, taken from Bagaee and Farhi (2017b), provides a joint characteri-
zation of the elasticities of aggregate output and factor shares to the different markup/wedge
shocks.

Proposition 12. (Aggregate Output and Shares in Inefficient Economies) In inefficient economies with
markups/wedges, the elasticities of aggregate output to the different markup/wedges are given by

dlogY
dlog i

~ - dlogAg
— A - YA S8 (32)
¢ ; 8 dlog i

where the elasticities of the factor shares to the different productivities are given by the solution of the
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following system of equations

dlog A Yis A - dlogAg
—— L =Y (6 -1 Covgy ¥ ¥ (33)
dlogme " Ay ]Z'(] vl ; ¥ dlog A’

The elasticities of the shares of the other producers to the different productivities are given by

. _1/\
ji’g;‘; :5ik—)\k‘§ ;(9 —1)”A1 Covgy) ( Z‘I’ jigiig ‘1’()> (34)

The intuition for these results is that positive markup shocks, just like negative productivity
shocks, increase the prices of the corresponding producer. These effects propagate in similar
ways and are encapsulated in the second terms on the right-hand side of the share propagation
equations (33) and (34). But compared to productivity shocks, positive markup shocks also
have another effect by reducing the expenditure on the inputs used by the affected producer
and hence their sales shares. These effects are captured by the first terms on the right-hand side
of these share propagation equations.

The profit share moves for two reasons following a positive markup shock. First, there is a
mechanical increase in the profit share even in the absence of any reallocation of resources. Sec-
ond, there is a movement in the profit share because resources are reallocated towards or away
from the more distorted parts of the economy, which reflect changes in allocative efficiency.
To isolate the effects of changes in allocative efficiency on output, we need to net out the first
effect. This is what the first term on the right-hand side of the output aggregation equation
(32) does. Another way to think about it is that a positive markup shock acts like a negative
productivity shock, with the difference that it also releases resources, which can ultimately be

expressed as released factors with a positive effect on output measured by ) A FAYkr/ Ag

Prices
We now characterize the elasticities of prices to the different markups/wedges.

Proposition 13. (Prices) In inefficient economies with markups/wedges, the elasticities of the sales,
prices, and output quantities of the different producers to the different markups/wedges are given by

dlogwy dlogA; dlogY
dloguy — dlogpu  dlogpu’

(35)

dlogpi & 5 dlogwy
dlog]/lk = Y Zngdlogykr (36)

where dlog Ay/ dlog Ay and dlog Y/ dlog Ay are given in Proposition 12.
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The intuition is very similar to that for Proposition 9.

Sales, and Quantities

Propositions 13 and 13 can be used to characterize the elasticities of the sales and output quan-
tities of the different producers to the different markups/wedges, along the same lines as in
Corollary 1. In fact, equations (8) and (9) in Corollary 1 still apply. The only difference is that
now derivatives with respect to Ay must be replaced by derivatives with respect to y. In addi-
tion dlog A;/ dlog uy, dlog Y/ dlog u, and d log p;/ d log ux must be taken from Propositions
12 and 13 instead of Propositions 3 and 4.

Input Shares, Input Expenditures, and Input Quantities

Using Propositions 8 and 9, it is easy to derive the elasticities of input shares, expenditures and
quantities of the different producers to the different productivities. As in Corollary 2, these
results can actually easily be derived by relabeling the network to treat the sales of good I to
producer i as going through a new fictitious producer specific to i and /. In fact, equations (29),
(30), and (31) in Corollary 2 still apply. There are only two differences. First, equation (29) must
be replaced by

dlogA;  dlogA;

dlog Ay dlog A

i
Ail

-1
BN v dlogAg
O 1)C0%<1>(§T<g>dlogAk’I(’))’

+ (0; — 1)Coveyiy (¥ (1), I1))
Second, now dlogA;/ dlog Ay, dlogY/ dlog Ay, and dlogp;/ dlog Ay must be taken from
Propositions 8 and 9 instead of Propositions 3 and 4.

Similarly, we can derive elasticities with respect to the different markups/wedges. As
above, these results can actually easily be derived by relabeling the network to treat the sales
of good I to producer i as going through a new fictitious producer specific to i and /. The differ-
ence is that we must now replace derivatives with respect to Ay with derivatives with respect
to py. In addition dlog A;/ dlog yy, dlog Y/ dlog uy, and dlog p;/ dlog py must be taken from
Propositions 12 and 13 instead of Propositions 3 and 4.

E.2 Elastic Factor Supplies

To streamline the exposition we use the following differential notation convention. For a vari-

able X, we write
dlog X

B dlog X
dlog X = ;dlogAk dlogAk+;

dlog py

dlog uy,
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and we interpret an equality of the type dlog X = dlog Y to mean that for all k, we have

dlogX  dlogY an dlogX  dlogY
dlog Ay  dlog A dlogu;  dlogu;’

Aggregate Output and Shares

As is standard by now, we start with the elasticities of aggregate output and factor shares. The
following proposition is taken from Baqaee and Farhi (2017b).

Proposition 14. (Aggregate Output and Factor Shares) The elasticities of aggregate output and factor
shares to the different productivities and markups/wedges are given by the following system of linear
equations:

dlogY = o Zi\kdlogAk—Z}\kdlogyk—Z[\f%dlogAf , (37)
k k f Cr

Y
dlog Ay = —Z)\kﬂ dlog py
v Af

+Z(9]-—1)H]_

A -
f COUQ Z log Ak — Z‘F(k) dlog ,uk/‘Y(f))
k k

/\ _
—ZG—lﬂ f CovQ Z‘I’ C Cg

+§g

d log Y, T(f) ), (38)

where ¢ =1/ (Y5 A fi—gjf) as above. Similarly the elasticities of the different sales shares to the different
productivities and markups/wedges are given by

T .
dlogA; =Y (0 — Akrk_l) dlog pk
k 1
1

Aj 8
+ Z 9 — 1 COZ)Q Z dlog Ay — ZT(k) d log ik, T(z))
k k
-1

i Aj _gg
;(9—1) T COUQ Z‘I’ 17T,

These equations naturally generalize their counterparts for efficient economies with elastic
factor supplies and for inefficient economies with inelastic factor supplies. The intuition com-
bines those given for these cases. For example, the intuition for equation (37) is as follows.

With inelastic factors, a decline in factor income shares, ceteris paribus, increases output since it
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represents a reduction in the misallocation of resources and an increase in aggregate TFP. With
elastic factor supply, the output effect is dampened by the presence of 1/(1 + {¢) < 1. This is
due to the fact that a reduction in factor income shares, while increasing aggregate TFP, reduces
factor payments and factor supplies, which in turn reduces output. Hence, when factors are
elastic, increases in allocative efficiency from assigning more resources to more monopolistic
producers are counteracted by reductions in factor supplies due to the associated suppression

of factor demand.?8

Prices

We continue with the elasticities of prices to the different productivities and markups/wedges.

Proposition 15. (Prices) The elasticities of prices to the different productivities and markups/wedges
are given by:

_ 1 1+
dlogwy = mdlogAf—l—mdlogY, (40)
dlogp; = — ) ¥y dlog Ay + ) _ ¥y dlogpy + Z‘T’ig dlog wy. (41)
k k 8

Sales and Quantities

Propositions 14 and 15 can be used to characterize the elasticities of the sales and output quan-
tities of the different producers to the different productivities and markups/wedges exactly as
in Sections 6.1 and E.1. The only difference is that now the elasticities of aggregate output, fac-
tor shares, and sales shares are given by Proposition 14 and the elasticities of prices are given

by Proposition 15.

Input Shares, Input Expenditures, and Input Quantities

Propositions 14 and 15 can be used to characterize the elasticities of input shares, expenditures
and quantities to the different productivities and markups/wedges exactly as in Sections 6.1
and E.1. The only difference is that now the elasticities of aggregate output, factor shares, and

sales shares are given by Proposition 14 and the elasticities of prices are given by Proposition

28In the limit where factor supplies become infinitely elastic, the influence of the allocative efficiency effects
disappear from output, since more factors can always be marshaled on the margin at the same real price. To see
this, consider the case with a single factor called labor, and factor supply function Gi(w/P,,Y) = (w/PY)",
which can be derived from a standard labor-leisure choice model. In this case, 7, = {; = v, and so equation
(37) implies that dlogY = Y, Ax(dlog Ay — dlogu) — 1/(1 +v) Yf Af dlog Ay. When labor supply becomes
infinitely elastic v — oo, this simplifies to dlogY = Y 7\k(dlog Ay — dlog yy), so that changes in allocative
efficiency have no effect on output, even though they affect aggregate TFP.
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15. As above, these results can actually easily be derived by relabeling the network to treat the
sales of good I to producer i as going through a new fictitious producer specific to i and /.

E.3 Examples for economies with wedges
E.3.1 Incidence of Capital Taxation

We consider the a horizontal economy where producers have different productivities and dif-
ferent markups/wedges. Each producer produces from capital and labor. Labor is homoge-
nous and its total supply is inelastic. Capital comes in two forms, taxable capital and non-
taxable capital. Their depreciation rates are Jx, and dk,,, and both of them are in infinitely
elastic supply at user costs p + dx, and p + dk,;-

Each producer produces from a capital aggregate and labor according to

Yi Ai Ki Ogp—1 Li Oxp—1 91(312751
7 =7 \wik | 7. KL+ wir, 7 KL ’
i i i i

with w;k, + w;p = 1, where

01 b1\ 72K
Kl- KiT Og—1 KiNT =1\ -1
g~ \wxkr\ g0 ) % Fekke (g ) )
i iT INT

with WKk + WK Ky = 1. We define Vi, = Wik, WKKyr Pikny = Wik, WK;Kyr-
Each producer charges a markup y;, and we denote the the average markup by ur =

(X /\iptl._l)_l. In addition, each producer is taxed on its revenues, net of the wage bill, from
which it can deduct the non-taxable capital bill and the depreciation rate on both capitals so
that the revenues generated are

T[pivi — wrLi — 0k, Kir — (o + Oy ) KinT]

and the pure profits left to the firm are
(1= O)lpii — wiLi = (5= + 8 )Kir = (p + by ) Kin ]

This introduces a wedge g, = [p/(1 — T) + dx,|/(p + Jk,) between the effective user cost
p/(1 — ) + ok, of taxable capital for firms and that p 4 g, for suppliers of this capital. This
example provides a concrete illustration of the wedge /markup isomorphism which have been
relying on.

In this economy, we have A=A withY A =1, A = Y Awir, AL = Y ],ti_l)xiwiL, AKT =
Vi Aiike, Aky = Yidy Aiing, Akyr = Liditikyr, Akyr = Lifi Aithixy, and ¢ = 1/A;.
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Total tax revenues as a share of aggregate output can be computed to be

P

| (1 -+ - ug Ax |
(( :uI) &_'_&(TVT T

<=

As is apparent from this expression, corporate taxation taxes pure monopoly profits in addition
to the taxable part (depreciation is deductible) of the effective rental return of taxable capital
for firms.

We shall only concern ourselves with the incidence of a change in the corporate tax d T
on aggregate output dlogY and the aggregate labor share d A;. This can be computed by

performing comparative statics with respect to

= drt

1£;T+5KT1_T.

dlog uk, =

We choose to focus our attention on the effects of changes in the corporate tax on the wage
bill d(wy L) as a fraction of aggregate output Y, as well as a fraction of the static revenue change
dRState (for a fixed tax base) and of the dynamic revenue change dR9Y"™i€ (taking into account
the change in the endogenous change in the tax base). We only report some selected results.
We refer the reader to Appendix E for detailed derivations and broader characterizations: for
example we also derive the changes in aggregate output, factor shares, capital stock, sales and
quantities of the different producers, etc.

We start by characterizing the change in the wage bill as a share of aggregate output:

d(wLL) . X -1 -1 % dr
v = —AgHt (1 + Corry(u r“’(L))> & + Ok, 1 -7

There are several interesting things to note. First, d(w;L)/Y is proportional to the tax change
d 7, to the share of the user cost of taxable capital which is taxable [p/(1 — T)]/[p/(1 —T) +
dk;], and to the cost-based share of taxable capital Ag,. Second, it is proportional p; 1+
Corry(u~t, w(r))). This constant is simply the ratio AL/ A} of the revenue-based to the cost-
based labor share because the the cost of labor is a fraction of the marginal product of labor:
it depends negatively on the average markup p7 and on the correlation between the labor
intensity and the markup of the different producers. Third, it does not depend on any elasticity
of substitution 6, 0k, or Ok k,,. This is a consequence of our joint assumptions of infinitely
elastic capital supplies and inelastic labor supply. This last observation implies in particular
that potential changes in allocative efficiency resulting from changes in corporate taxes are not
reflected in the real wage or the wage bill. They show up instead in changes in capital, capital

revenues, and profits.
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We then turn to the characterization of the change in the wage bill as a fraction of the static

and dynamic change in tax revenues. For brevity, we call these the static and dynamic ratios.
We have

dwl) 1 1 1+ Corry(u;t, wir)
dstatic g -1, +(1— gl itk 14 Corm(yi_l,lpiKT)'

wrpAkr

The general expression for the change in the wage bill as a fraction of the dynamic change in
tax revenues d(wy L) /dRYY"aM js more involved and can be found in the appendix. To build
intuition, it is helpful to consider the following special cases.

1. We start with the case where all producers have the same production functions up to
producer-specific productivity shocks, there are no markups, and all the capital stock is
taxed. We get

d(wLL) . 1
dstatic R - _1 -7
d(wLL) . AL
dynamic p o L
d R AL _ Tilj: GKL
T—t 79K

In this case, both the static and the dynamic ratios are greater than one. The static ratio
only depends on the tax rate. The dynamic ratio also depends on the labor share, the elas-
ticity of substitution between capital and labor, and the importance of depreciation in the
user cost. Basically, the wage bears the whole burden of corporate taxation. Reductions in
the capital tax lead to a reduction in tax revenues and in the deadweight loss of taxation,
both of which are reflected in increases in the real wage.

2. Next we relax the assumption that there are no markups. All producers have the same
production functions up to producer-specific productivity shocks, charge the same markup,
and all the capital stock is taxed. We get

d(wLL) _ 1 1
dsteticr — 1—1 kg =1’
1+ 1%7 AKT
d(wLL) _ [\L
dynamic p, ~ _ o A 5
d R A —71 plff QKL—F(‘MI—l) (1—T)~A—Llffp Kt — 10k
17 tOKp K 1%

The impact of the presence of markups is intuitive. The corporate tax also taxes monopoly
profits. Reductions in the corporate tax rate lead to increases in net-of-tax monopoly
profits which in turn mitigates the increase in the wage bill. This reduces the static ratio,

and can even reduce it below one. A similar force is at play to lower the dynamic ratio, but
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there is also a countervailing force: the increase in output resulting from the reduction in
the corporate tax rate leads to a dynamic mitigation of the loss in revenues via an increase

in profits, and this contributes to increasing the dynamic ratio.?’

3. We then modify the previous example to look at a case where some of the capital stock
is not taxed. All producers have the same production functions up to producer-specific
productivity shocks, charge the same markup, and all the capital stock is taxed. We get

d(wrL) _ 1 1
dstaticR 1= = T_HsKT -1 1’
1+ ﬁ AKT
d(wr L ~ = Ax
d(anni) = AL/ [1—15 —0Ok1
deyname g 107 Tk 1= AL
[\KNT[\L 1£;T O x
1— A, & Sk, TKNT

0 ~ ~ ~ 0
—— + 0k, A Axo AL 1—=
—1) [ (1-1)= T L gy — TNT LE— —1 .
+(pz —1) <( ) K =TIER, +5KT( Krkyr — 1)

For a given value of the cost-based taxable capital share, the expression for the static ratio
is unchanged since the fact that only part of the capital is taxed affects the change in the
wage bill and the static change in revenue in the same proportional way. The modifica-
tion to the dynamic ratio is more complex and now involves the elasticity of substitution
Ok, Ky, between taxable and non-taxable capital. For example, if there are no markups,
then a reduction in the corporate tax leads to a substitution towards capital and away
from non-taxable capital. This mitigates the dynamic loss of tax revenues in proportion
to the elasticity of substitution 0k k,, between taxable and non-taxable capital.

4. Finally, we look at the case where producers have different production functions and
charge different markups. For simplicity, we assume that all the capital stock is taxable.
We get

dwll) 1 ! 14 Corra (¢! wr))
dstatiC R - 1— ‘HSKT 1-— ﬂjl 1+ Corr)\(]’lil’ 1- w(L)) ‘

Hrp Ak

1+1T

17'5

The expression for d(w; L)/ d™™€ R is more complicated and can be found in Appendix E.

The presence of heterogeneity in factor intensities and in markups introduces new composi-

‘5KT AL
£ Agy

2The term responsible for the reduction in the dynamic ratio is (uz — 1)(1 — T) and the counter-

vailing term is —(p7 — 1) 70k
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tional effects in the static ratio. It also introduces new substitution effects in the dynamic ratio,
where the elasticity of substitution between producers 6 now plays a role. For brevity, we fo-
cus on the static ratio. If producers that charge higher markups are more capital intensive, this
increases the labor share, and hence also the absolute increase in the real wage following a cor-
porate tax cut, thereby increasing the static ratio. It also reduces the tax base by lowering the
capital share, and hence the static revenue loss following a corporate tax cut, thereby further

increasing the static ratio.

Corporate Taxation Example Continued

In this section, we derive the formulas behind the results in the corporate taxation example in
Section E.3.1.

Tax revenues are given by

R _ Oky - -
Y~ TZ/\i(l —H; Lwi — - 11Pi1<r —Hi 11PiKNT)’
1

% +5KT
s
=T A= )+ S A Wi
i T Tkt
| e
— 1—u- —T A
T(( W1 )+15%+<5 Mk KT)
We have
dlogY = Ag, dlogAg
dlog uk, A dloguk,
dlog AL _ (0 1)/~\~KT Var)(w(r)) 6 )COUA(IIJ(KT)W(L))
dlog uk, Ar Ar Ar
- -1 ~1
A A A
+ 3 00— ) L (- ) + O~ 1) L ot
] )
dlog Ak, — - (-1 VWA(‘P(KT)) B Ax; 60— 1)COUA(1I](KT) + lP(1<AIT)"’D(KT))
dlog pk, UK Ay Ap Mk AKy
— (GKL — 1) Z Vfl/\] wz (UL(l — CU'L)
j ‘uKTAKT Kikr™ !
- —1

T ) .
- [\L (QKL - 1) Z ni A WK;Kr (ijKT + ijKNT)w]L(l w]L)

Kt
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j ‘uKTAKT !
dlog Ak, B
dlog uk,
dlog )Li [\K wir,
R © R S — 1 w: T ,
dlog ,uKT ( )leT( L lPiKT )

dlogw;,  dlogw.L Ak,
dloguk, dlogpuk, AL

We also have (
d ZULL) AL AKT
— =7 _ A
Y AL ,UKTA HKr{AKy dlog HKrs

e drt
lz;r—i_(sKTl_T

dlog uk, =

dstatic R . 1L
= | A=nug)+ L—W#KTAKT d,
T T

_ 1 = + 6k
= ((1 - ‘uIl)yK Ax ! TL i + 1) (1 - T)]MKTAKTdlog.uk/
T T 1-1

ddynamic R dstatlc R

Y +ZT)\ dlog)\
0 ~
—< = +0 R A
+ Tl—yKTAKT dlog Ak, + % dlog uk, | — ?( Kr dlog g, +dlogAr).
+5KT fp— AL

E.3.2 Fiscal Multipliers — the Quesnaysian-Keynesian Cross

The derivation is very similar to that in Baqaee (2015). We focus on the steady-state equilibrium
featuring zero inflation, full employment, and no government spending after the first period
and constant government taxes starting in period ¢ 4- 1. In the first period ¢, the intertemporal

budget constraint of the saver and the Euler equation pin down his consumption in period ¢

Pt+1Cs t+1
Cop = ——— 1= =
pest os(1+1it)

(wi,t+17i,f+1<1>s,i + rt—i—lKH—lq)s,K) (1—=x)+ (1 —=p) [Ds(1+i) + Be(1+ir) — G (1 — x)]

ps(1+1it)
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where y is the share of taxes falling on borrowers, and variables with overlines are the endow-
ments of factors in the full employment steady-state. The budget constraint for the borrower
pins down his consumption in period ¢

D;
1+

pecpe = () wili 1@y + riKe®yp ) + — Dy,
i
where a change in the debt limit can set off a delveraging shock, similar to Eggertsson and
Krugman (2012).
Equating supply and demand requires that
Y Wi+ 1K Gt

Cs,t = —Cpt — —

Pt pr’

Substituting this into the Euler equation for the saver and imposing the zero lower bound on
nominal interest rates gives

Y wiplis +rike — Y wili )Py — riki@px + Dy — Dy — G
; ;

1 B _
= p <wi,t+1liq)s,i + 141kDs x + (1 —ps) (Dt + By — G(1 — X))> :

Call this the AD curve. We know that

(1-0"¥w)

(b — (S)IT(L)

wely + T(L)Gt’

reky =

where wyl; = ) ; w; 4l; ;. Furthermore, we also know that
AN =bY¥(1-B)+§dYB,

or more specifically,
Witlit
GDpP

where A€ is private consumption exposure to each good: b’Y, and A$ is government consump-

= ASa;(1— B) + Aa;B,

tion exposure to each good: 6¥. Hence, we can write
wi,tli,t = wtl,-,t = /\Z'Déi(wtlt + Ttkt) = (/\5(1 — B) + /\58) o (wtlt + Ttkt)

where we use the fact that, without loss of generality and due to stickiness of wages in the first
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period, we can assume w; ; = w;. Combining this with the expression for r:k; we get

wyl AS — AS
wilie = (A{(1 = B) +A7B) a; (AtCLt i LACL L)Gt) :

Substituting this into the AD curve gives us the desired Keynesian cross.

F Appendix for Section 7

Proof of Proposition 10. We then define the Domar weights

i€l
and y
_ Pixzi ieZ P1Xil
/\Zl f— — = ZAZ
Y Y i€l l
dlogpr = Y AF“dlog p;,
i€l
so that
dlogpr +dloger = Y AT dlog pic;,
i€l
where .
e _ pic;
C T Sl
jeT Fj%j
This implies

dlog p? = (I - QII) -1 (— dlog A +dlogu + QINIdlogpNI> ,
where p?, dlog A, dlog i, and p™VZare price vectors. Re-injecting, we get
dlogpr = ()\I’C>/ (I — QII> -1 (— dlog A+ dlog u + O™V dlog pNI> .
Combining, we get an expression for industry-level net productivity:

dlogcr — Z[\]-Idlogxzj = Zf\izdlogAi - Z;\izdlogyi - Z[\].Idlog/\jz.
jeZ i€l i€ j#1

This equation has a similar interpretation as the aggregate TFP decomposition in Bagaee and
Farhi (2017a). Specifically, suppose that we counterfactually keep the physical share of all the
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inputs constant as the shocks hit the economy. Call this the passive allocation. We get that for
the passive allocation
dlogcr — Y Afdlogxz; =Y Al dlog A;.
j i€l
This gives an interpretation of the change in allocative efficiency as the gap with the passive

allocation.

Appendix for Aggregating Industry-Level Aggregates

We have shown how to define and characterize industry aggregates for a given partition of pro-
ducers into industries. A different question is whether theses industry aggregates are sufficient
statistics for the model to the first order, a property which we call first-order aggregation. We
discuss two different notions by contrasting economic and accounting aggregation. Account-
ing aggregation generally holds while economic aggregation only holds for certain variables or

in very special cases where the economy has an industry structure.

Economic vs. Accounting Aggregation

We say that first-order economic aggregation holds for a variable of interest if the follow-
ing holds: given the initial industry aggregates (input-output information at the industry
level, industry markup/wedges), changes in industry productivities, and changes in industry
markups/wedges are enough to compute changes in higher level aggregates of the variable of
interest associated with coarser partitions of producers into industries, given full knowledge
of the underlying disaggregated structure of the model but without knowledge of the changes
in producer productivity and markups/wedge shocks that are giving rise to the changes in
industry productivities and markups/wedges, and without knowing the initial allocation at a
lower level of aggregation.

This notion of economic aggregation is different from the more common accounting notion of
aggregation, which says the initial values and changes in industry aggregates are are enough to
compute changes in higher level aggregates of the variable of interest associated with coarser
partitions of producers into industries.

Accounting aggregation holds in all the models that we have considered. By contrast, eco-
nomic aggregation fails in general. First-order economic aggregation holds for productivity
defined as changes in Solow residuals. It typically fails for other variables. For example first-
order economic aggregation fails for markups/wedges, the levels of which can be computed
from industry aggregates but not their changes. First-order economic aggregation only holds
for aggregate output if Hulten’s theorem holds, such as for example when the economy is ef-
ficient and factor supplies are inelastic, and even in that case, it does not hold for output at a

strictly intermediate level of aggregation.
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Economic Aggregation with an Industry Structure

We now discuss an interesting special case where first-order economic, and in fact, full nonlin-
ear economic aggregation holds. We assume that the economy has a an industry structure, by
which we mean we can relabel the economy so that there exists a partition of producers into in-
dustries such that the following two properties hold. First all producers i in industry Z have the
same production function up to productivity shocks so that they charge prices p; = (1;/ A;)Cz
where C7 is a common marginal cost function. Second, all producers i in industry Z enter into
the production functions of other producers and in final demand through a single CES industry
aggregator

0
A
9171 9271

T N\ T

‘1{— = Z Wwri (@)
Yz icl i

This producer is a pure aggregator and is otherwise passive: it does not experience productivity

shocks and charges no markup/wedge. We can compute the associated price index

1
N o
o= (e ()" o)
ieT Yi

These have the properties that in equilibrium, pryr = Y c7 pivi, pryz/Y = Az, and the log
derivative of this index then coincides exactly with the definition of d log y7 given above. The
structure of the model also ensures that all the producers in the industry have the same pro-
duction function, up to productivity shocks.

We can then define an index of industry productivity

1 1
_ 0r—1 A 6r—1\ 671 _ /‘\ A: il 0r—1\ 671
Ar= W' (y—f) (—) = A _(_P‘_) ,
P (g 7\, b Tir \ & e \ A

where ji7 is the industry markup /wedges defined above

Ai 1y
pr=(Q K )
Lt
These definitions are chosen to match the profit share 1 — pu7' = Yjc7(A;/Az)(1 — ;1) of the
industry as above and in addition the industry price cost margin relationship pzr = (yz/Az)Cz.
It is then easy to see that
dlog SRS = dlog A7,

so that the corrected gross Solow residual recovers the change in productivity index.
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Note that just like the industry markup, industry productivity depends on the endogenous
propagation mechanisms of the model because i1, A;, and A7 do. Indeed, we have

A “LlI z]’lI )L
dlo = P2 d1o dlo
BHI ieZI/\I Hi BHi I;IA Hi g(/\I)

dlogAI—dlogyI—FZ)L (dlog A; — dlog ),
iel

which combined with with the shares propagation equations, gives a full structural character-
ization of the elasticities of industry markups and productivity to the different productivities
and markups/wedges:

A 11 "1
dlogur = Y (67 — 1) 2% dlog A+ Y[ 4 dlogu;, (42
gHT 1;(1 ))\z( y> g 1;?[ I/\I(,ui )]dlogui,  (42)
dlog Az = Y[ + (07— 1) (1 - "Z))dlog A + Y 0r 25 (P2 —1)dlog . (43)
iex M Az Hk T 7\1 Hi

The model can then be economically aggregated. At higher levels of aggregation corre-
sponding to coarser partitions, we can represent the economy as being composed of fictitious
industry producers with markups and productivities given by Az and uz. As a consequence,
tirst-order economic aggregation obtains: knowing the initial industry aggregates and the
changes in industry productivities and markups dlog A7 and dlog yi7 is enough to compute
the changes in the equilibrium allocation at higher levels of aggregation, without knowing
what the changes in productivities and markups are at a lower level of aggregation, and with-
out knowing what the initial allocation is at lower levels of aggregation.

Consider the following simple example of an economy with an industry structure. We as-
sume that there are different industry indexed by Z. Final demand is represented by a CES
aggregator of the different industry composite goods with an elasticity of substitution 6. In-
dustry composite goods are CES aggregates elasticity of substitution 67 of the goods produced
by the different producers in the industry. Producers produce linearly from labor, have dif-
ferent productivities, and charge different markups. Basically, each industry is a version of
the horizontal economy studied in Section E.3.1. The important difference is that labor can be

reallocated across industries. Economic aggregation obtains. For example, we get
dlogp =Y (6~ DAz(1— 1) dlog Az + YAz + 6Az(1- —1)]dlogpz,  (44)
7 H1 T M1
dlog A = Y [Az + (6 — 1)Az(1— yﬂ)] dlog A; + ¥ 0A7( : 1) dlog uz, (45)
7 Z

i€l

where dlog A7 and dlog ji7 are given by equations (42) and (43).

82



G Appendix: Non-homothetic Final Demand

In this section, we show how non-homothetic final demand, even with a representative con-
sumer, affects our results and breaks symmetric propagation. To that end, consider household
utility function used by Comin, Lashkari, and Mestieri (2015). Then final-demand expenditure
for good i is given by

where C is utility and E is the expenditure function of the household. Note that the fact that

¢; # ¢j means that Engel curves can have different slopes. The expenditure function is given by

1
_ o\ T®
E(p,C) = (Zbicefp3 90) =) _pici

which implicitly defines the consumption aggregator, or utility, C. Note that due to non-

homotheticity, changes in utility and changes in real GDP may not be the same.

Proposition 16. Consider a one-factor model with a representative consumer whose preferences are of
the Comin, Lashkari, and Mestieri (2015) type. Suppose that the production functions of the goods
producers in the economy belong to the nested-CES class, written in standard form. Finally, assume
that the primary factor is inelastically supplied and that the model is efficient. Then

dlogY dlogC  (1—6))
= )\k/ = — /\k,
leg Ak dlogAk g
and
dAm_ _ 0: — 1A:C NG TN 2 (90_1))\C v
leSAk - ]Z( ] ) i OUQ(])( (m)s (k)) - z k OUb< (m),ﬁ‘),
where € =) ; bie;.

Clearly, the final term is non-symmetric in k and m. A shock to k moves aggregate income by
A whereas a shock to m moves aggregate income by A, (following Hulten’s theorem). Given
a change in aggregate income, final demand shifts across different inputs. Changes in final
demand, therefore, change the Domar weight of different goods. The way changes in final
demand affect demand A, for m depends on the covariance between the income elasticity of
the Engel curves ¢ and the exposure ¥, of final goods to . As the household becomes richer,
it redirects expenditures in favor of those goods with relatively higher income elasticities ¢;. As
it does this substitution, this redirects demand away from or towards ¥ ,,), depending on the
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covariance between these ¥ (,,) and ¢. In the extreme case when all income elasticities are the

same, then we recover symmetric propagation, since in that case final demand is homothetic.

Example: Hump-shaped Structural Change

A common objective of the literature on structural transformation is to generate hump-shaped
pattern in manufacturing as a function of productivity, so that initially, as manufacturing be-
comes more productive, its share in the economy expands, but eventually this pattern reverses.
Comin, Lashkari, and Mestieri (2015) show that their specification is capable of generating such
patterns. We can recover their insight via Proposition 16. Consider an economy with one factor.
Suppose that household consumption has the Comin, Lashkari, and Mestieri (2015) form, and
turther, suppose that goods are substitutes for the household so that 8y < 1. For simplicity,
assume that 0; = 1 for all j # 1, so that all other production functions are Cobb-Douglas.
It’s easy to check that for any good i,

dlogA; 0 dlogE

dlogC ~ 0~ Vloge T =67 F

so that A; is declining in utility if ¢; < &.

Let one of the goods be manufacturing, indexed by m. Then, consider an aggregate labor-
augmenting productivity shock dlog A;. An almost immediate application of our formula
gives

(6o —1)

dlog A Covy(¥ (1), €) = _TCovb(‘I’(m), €).

_ (6o—1)
dlog AL, €

= (60 — 1)Covp(¥ (1), 1)

In the case where demand is homothetic, this gives zero. When demand is non-homothetic,
the effect depends on the covariance between exposure ¥,y of goods to m and the income-
effects ;. An especially simple case is the horizontal economy in Figure 1b, where there are no
intermediate inputs and all goods are directly produced from labor, where ¥ () is just the mth
standard basis vector. Then

dlogA, (1 —6p)
dlogA; €

Am(€m —€).

Comin, Lashkari, and Mestieri (2015) argue that for broad categories, like agriculture, man-
ufacturing, and services, 6y < 1 so that goods are gross complements. They also find that
g, < &y < €5, Where a,m, s correspond to agriculture, manufacturing, and services. Then, it’s
clear that when the share of services and manufacturing is low, ¢, > €, and hence, d A, is in-
creasing in aggregate labor productivity. However, eventually, as A,;, and As get large enough,
e, < € and this effect reverses. This gives a hump-shaped path of A, as a function of aggregate
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productivity growth Ar.

Comin, Lashkari, and Mestieri (2015) also emphasize that manufacturing productivity has
increased more quickly than services productivity, but the quantity of services has increased
over time relative to manufacturing. A homothetic function is not able to generate such a
pattern. To see this, consider improvements in manufacturing productivity d log A,,. Then, an

application of Proposition 16 gives

dlog Ay

dlog Ay (-1
dlog Ay €

= (90 - 1)Varb(‘I’(m)) - ( )LmCOUb(‘F(m),s).
An especially simple case is the horizontal economy in Figure 1b, where there are no inter-
mediate inputs and all goods are directly produced from labor. In that case, our expression
simplifies to
dlog Ay
dlog Ay

The quantity of manufacturing is given by

= (60 — DAn(1 — Ap) + @/\i(é — €m).

(60— 1)

dOBYm _ g0 1) A1 = A) +14 BV x e~

dlog Ay

This follows from dlogy,, = dlog A, — dlog pm + dlog(PyY) = dlog Ay — dlog pi.

Clearly, when demand is homothetic, d logy,,/ dlog A, > 0, since Ay (1 — Ayy) < 1. How-
ever, with non-homotheticities, it is possible to have dlogy,,/ dlog A,, be negative as long as
€> ey

Proof of Proposition 16. Note that

dlogE 1
dlogC 1-—6, lezsl.

Then, setting E = 1 to be the numeraire, we have

dlogE  dlogE dlogE dlogC 0
dlogp; 9dlogp; dlogCdlogp;

This implies that

J
dlogC  ioep;

dlogC
Shephard’s Lemma then implies that
dlog C b; bi
dlog p; g}ggg Z] b]€]
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On the other hand, we have

db; dlogC dlogE
- (1— , Y M = el
dlog p; (1—60)bi +e; bldl gp — O)bldlog pi’
=(1—-6p)b; — (1 —6g)=——b; — 0,
1 EJ j€j

g.
(18 <1_ z b>
X bje;

Where restore homotheticity when ¢; = ¢ for all i. To see how symmetric propagation fails to
hold, consider a model with a single factor. Using this demand system, we get

d Ay

dlo C
dlog Ak 60 o 1 Zb Yiucim + ZSZ zlpzm g

Noting that

dlogE :ZalogE dlogp; dlogE dlogC
dlog A — dlogp;dlog Ay = dlogCdlog A’

B 1 dlogC
= —Zi:bzlljzk+—l_90 (Zl:b ) dlogAk =0.

Rearrange this to get
dlogC  (1—6y)

= Ak
d log Ak Zi biEi k
Subsistute this back into the earlier expression to get
d A (X eibiin)
—1)) b —1)-= Ak 1)A;C Yo, Yo)
dlog A — = (6o Z iWik¥im — (00 — 1)"==712 e, + 2 00y) (¥ (), ¥ (1))

In other words,

dA,
d_l()g Ak — (90 - 1)C00b(T(m)/T(k)) + 2(9] — 1))\]'COUQ(]') (T(m),T( )) + (90 — )\k (Zb lpzm ( _
]

ol | o

)

or

d Ay
dlog Ag = (60 = 1)Covp(¥ (), ¥ 1) + 2(9]' — 1A Covq) (¥ ), ¥ xy) —
]

6o —1
(OS ))LkCO’(Jb( ( )8)
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This can be written more compactly as

d Ay i
diog A, — (P0 = 1)Co0u (¥ ), ¥y = Axe/) + 1 (0 = 1A Covgun (¥ im), ¥ty
]
d Ay
Jlog A, — (B0 = Cots(¥ ), ¥ = Aee /) +Z 1)2,Covy) (¥ oy ¥ i))-

H Appendix: Heterogeneous Agents and Distortions

When there are heterogeneous consumers and there are wedges, we have to track how rev-
enues earned by wedges are distributed across consumers. To do this, it is convenient to in-
troduce “fictitious” factors corresponding to revenues earned by consumer c from taxes. These
fictitious factors have a cost-based Domar weight of zero, but a positive revenue-based Domar
weight. Define revenue-based and cost-based variables in the usual way. Let F be the set of
real factors, and let F* be the set of real and fictitious factors.

Proposition 17. In response to some increase in productivity, we have

dlog)\l )L 1 ~ 1
—y(1- — ¥
dlog A, ;(1 0; )/\l]/t Coo(¥ +g§r; (1 i 1Cou(¥g ())dlogAk

Af dlog x.
+Z )L dlog Ay’

Income changes are given by

dlog x. dlog Ag
— [ ¥ Dghg——28
dlog Ay (gEF* 8 dlog Ay )’

where g sums over real and fictitious factors. The changes in Domar weight of real factors is given by

dlog Ag _1 = dlog Ag
=) (1- )— Cov( )+ Cov(‘I’ Vi)
dlog Ak ; ;4] geZF]Z g & 7)) dlog Ay
1 c dlog x.
* A_g;m <Ag B Ag> dlog Ax’

The changes in the Domar weight of fictitious factors k* is given by

dlog A}
= dlogA;
dlog A 08 v
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where A;- is the income earned by the markup placed on the sales of the ith good.

Proposition 18. In response to some increase in a markup/wedge, we have

dlogA; A < = dlog A
dlogy; =) (16 )/\l;t Coo(¥ x )+ ZFZ (1—6;)5 ;' Cov(Fg, ¥ (i) dlog 1
J 8€L ]
Ak . A dlog x.
-3 (Y —1(k=1)) + Z;@Zdlogyk.

c

Income changes are given by

dlo dlog A
1gXC: 2 Peghy 1gg /
dlog uy oyl dlog ui

where g sums over real and fictitious factors. The changes in Domar weight of real factors is given by

dlog Ag _1 = dlog Ag
g~ 21 _y’ Coolto Tig) L L0  by Coote ¥i0) dog
/\k . L c leg Xc
A, (P —1(k = 1) + ZXC <A Ag) dlog g’

The changes in the Domar weight of fictitious factors k* is given by

dlog A}
dlog py

1
:dlog)\i—i—y

where A\« is the income earned by the markup placed on the sales of the ith good.

To recover changes in prices and quantities, we can apply the same results as in Section 6.
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